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1 Summary of the Research Results

The following goals have been accomplished in the course of this research:

1. We have developed an analytic Green's function method for pseudo-spectral numerical
simulations of boundary layer and channel flows (Domaradzki 1990). The new method
reduces number of Poisson and Helmholtz equations that must be solved numerically in
classical pseudo-spectral Navier-Stokes solvers, bringing significant savings in computer
time needed to perform direct numerical simulations for such flows. The method has
been implemented in boundary layer and Rayleigh-Benard convection solvers used at
USC.

2. The numerical code was used to simulate burst-like events in a laminar boundary layer.
Localized bursts were obtained by applying appropriately chosen suction/blowing bound-
ary conditions at the wall and large scale features of the flow were modeled by finite
amplitude travelling wave states in boundary layer flows over rigid walls. Conclusions
from the simulations were as follows. Applied suction/blowing mechanism at the wall
induced desired burst-like flow structures and large scale structures could be effectively 0
modeled through nonlinear finite amplitude Tollmien-Schlichting waves. The low am-
plitude wall forcings resulted in viscously damped perturbations and higher amplitudes
led quickly to turbulence. None of these behaviors reproduces desired time-behavior of
natural turbulent bursts and we had to conclude that the selected numerical methodol-
ogy was unable to provide a realistic model of a burst, in particular its finite life-span. 0

3. We have developed four models of a wall-pressure associated with a turbulent burst.
Three of these models are purely analytical and one was obtained using results of direct
numerical simulations of turbulent, three-dimensional boundary layer performed by
Spalart at NASA-Ames. The last model is a single high pressure region on a rigid wall 0
underneath turbulent boundary layer. The pressure pulse evolves in time changing
its strength, shape and location. To capture the pulse and its evolution all other
neighbouring high pressure regions present in the simulations are selectively suppressed
and the results for the remaining pulse given on a finite mesh in the (x,y) plane and
for a finite number of time steps are interpolated to provide a continuous function of 0
the spatial variables (x,y) and time t with the results of the fitting procedure stored
on a tape.

4. A theoretical investigation was conducted of the process of sound generation by a
deterministic pressure pulse in a fluid flowing over a compliant coating containing a
small inhomogeneity with the results described in detail in a paper by Domaradzki et
al. (1992).

To leading order the void inhomogeneity can be treated as a monopole source, its
strength determined by the detailed form of the pressure at the interface between the
fluid and the coating. Four different models of the pressure pulse were employed to
specify the monopole strength. For three of these models, a concentrated force advected
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with constant velocity Uc, the pressure field of an advected vortex, and the wall pressure
of a turbulent burst, pressure values are strictly positive. In all these three cases the
frequency dependence of the monopole strength exhibits the same, generic behaviour:
a large, almost constant plateau in the range of subconvective frequencies wh/U, • 1,
followed by a fairly rapid decrease in the range 1 < wh/U,. The remaining model
satisfies the Kraichnan-Phillips condition and the associated monopole strength differs
from those computed for the other three models only by exhibiting a maximum at a
finite, instead of zero, frequency.

The far field acoustic pressure in the fluid and in the coating due to the inhomogeneity
has been calculated. In the interesting case of water flow over a particular rubber-like
coating the sound has dipole character in the fluid, whereas in the coating there is a
gradual change from monopole to dipole radiation when the radiation direction changes
from the normal to the tangent to the interface. Also, in this case the coating always
captures most of the sound energy scattered by the inhomogeneity.

A comparison was made between the sound generated by a single pressure pulse and
the sound generated by the scattering of the statistically stationary turbulent boundary
layer pressurcs by the inhomogeneity. Only those events in the boundary layer which
contribute to the convective peak in the wall pressure spectrum were taken into account.
For the particular set of the parameters considered in this paper, in the range of high
acoustic frequencies, the average intensity of the radiation induced by the individual
pressure pulses can exceed the averaged intensity of the sound induced by the turbulent
boundary layer by 10-40 dB. It is thus expected that the presence of deterministic
pressure pulses in the turbulent boundary layer will result in bursts of acoustic radiation
with the intensities substantially greater than those predicted by the statistical approach.

5. Diffraction of elastic waves by multiple dipping layers of arbitrary shape for two and
three dimensional models in the absence of fluid for incident plane P, SV, SH and
Rayleigh waves was investigated. Both steady state and transient results were ob-
tained. We found that the presence of irregularity greatly changes local response of
the media. In addition, we found that for highly irregular scatterers the importance
of three dimensional nature of the problem cannot be accurately described with two
dimensional model. In particular, the SH to P/SV mode conversion is found to be
significant in many cases. This conversion cannot be accounted with two dimensional
models.

6. Diffraction of elastic waves in a multilayered plate with an inclusion of arbitrary shape
submerged in fluid is the second class of problems which have been completed in this
project. Steady state and transient solutions were obtained for both two dimensional
and three dimensional models. Parametric studies were performed in order to gain
understanding of the wave amplification at the fluid-solid interface for a wide range
of parameters present in the problem such as the angle of incidence and frequency of
incident wave, impedance contrast of the materials, and the geometry of the inclusion.
To our knowledge these solutions are the most general ones available in literature at
the present time.
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6 Research Results

This section consists of published/accepted journal papers and one unpublished report, which 9
provide detailed information about research results summarized in section 1.
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Note

An Analytic Green's Functions Method in
Pseudo-Spectral Navier-Stokes Solvers for

Boundary Layer and Channel Flows

In pseudo-spectral simulations of a flow between rigid parallel plates with
periodic boundary conditions in the horizontal directions, a number of different
numerical methods are currently in use. These methods are briefly reviewed by
Gottlieb et al. [I]. The differences among the methods amount essentially -to
different ways of imposing the incompressibility condition on the flow and this in
turn is directly related to their efficiency in terms of computer storage and time
required to perform simulations with a given spatial and temporal resolution. All
these methods [2-8] treat the nonlinear terms in the Navier-Stokes equations
explicitly and the pressure and viscous terms implicitly. The implicit part must be
solved by inverting matrices resulting from spatial discretization of the pressure and
viscous terms.

The most efficient methods in terms of computer time and storage are based on
expansions of the velocity. field into divergence free basis functions [4, 5]. Their dis-
advantage is that the basis functions must be constructed individually for each flow
geometry and the inversion of the resulting matrices may require new algorithms
for each geometry. For that reason, methods that can be reduced to solving sequen-
ces of standard Poisson and Helmholtz equations are more popular. Among these
methods the most efficient is the full time splitting method of Orszag and Kells [81
that requires inversion of four N by N matrices for each horizontal wavenumber
(ky, k,), where N is the number of mesh points between the plates. The matrices
result from a sequence of four Poisson and Helmholtz equations and a variety of
numerical schemes exist to acomplish inversions efficiently. The disadvantage of this
method is that it violates incompressibility in a numerical boundary layer of thick-
ness O((v dt)2) at the plates [6] and for this reason it is not used very frequently.

Incompressibility may be enforced by using the capacitance matrix algorithm of
Kleiser and Schumann [7] or the equivalent Green's functions method of
Marcus [3]. The Green's functions method of Marcus [3] may be implemented
also with four Poisson solvers but ensures incompressibility at the expense of
increasing storage requirements by two auxiliary arrays of size N3. However, such
storage is usually not available in high resolution numerical simulations and in
commonly used Green's functions methods storage requirements are reduced to
those in the full time splitting method, but required computer time increases since
six instead of four Poisson equations must then be solved. Orszag et al. [6] discuss
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ANALYTIC GREEN'S FUNCTIONS METHOD 233

such a Green's functions method for a channel flow that renuires six Poisson
solvers. The capacitance matrix algorithm of Kleiser and Schumann [7] also
requires six Helmholtz solvers. In essence, the Green's functions methods use either
more computer time or storage than the full time splitting method. This additional
work or storage is a consequence of a need to enforce incompressibility violated by
the full time splitting method.

The purpose of this note is to demonstrate that for channel and for flat plate
boundary layer flow the Green's functions method may be implemented with only
four instead of six Poisson solvers per time step. The savings come from the obser-
vation that two of six Poisson equations may be solved analytically in terms of
elementary functions. The implementation of the method is straightforward and
existing pseudo-spectral computer codes may be easily modified bringing savings in
the computer time. The modifications are described for both a channel and a
boundary layer code.

Fluid is contained between two rigid parallel plates (channel flow) or above one
horizontal plate (boundary layer flow). The z axis of the frame of reference is per-
pendicular to the plates. The velocity field is decomposed into a prescribed time-
independent mean velocity V(z)= (U(:), 0, 0) in the x direction and a perturbation
velocity v(x, y, z) = (u, v, w). The mean velocity is chosen to satisfy the boundary
conditions for the entire flow, e.g., U(z) is the Blasius profile for the boundary layer
flow or a parabolic profile for the channel flow. Therefore the perturbation velocity
satisfies homogeneous boundary conditions at the horizontal boundaries. With this
decomposition the Navier-Stokes equations are •

=v x (0- ], U(Z) L- V17+ vV2(v + V(:)) (Ila)

V.v=0, (lb)

where (o = V x v is the vorticity and 17 = p/p + 1/2v2 is the pressure head where p is
the pressure, p is the density, and v is the kinematic viscosity.

Equations (1) are solved by the following pseudo-spectral time splitting method
consisting of three separate fractional steps which advance flow velocities from time
t,, to t,,,, . In Eq. (la) the nonlinear term is separated into two components. In the
first fractional step, the component in the square brackets is calculated pseudo-
spectrally and advanced in time using the explicit Adams-Bashforth scheme. In the
second fractional step, the advection part ol .he nonlinear term is diagonalized by
Fourier expansion and is solved by the implicit Crank-Nicolson scheme to reduce
the convective stability restrictions due to the large mean flow U(.). The inter-
mediate velocities resulting from application of these two fractional steps will be
denoted by asterisks. In the third fractional step, pressure and viscous terms with
incompressibility (lb) are solved by the Green's functions method as described by
Marcus [3] for Couette flow and outlined by Orszag et aL [6] for channel flow
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leading to the final velocities at time t., ÷ . Using Fourier expansions in the horizon-
tal directions for the dependent variable

v(x, y,:, ) = E Y i(kx, k.,,:,t)exp(ikxx)exp(ik, y), (2)
Iml<M Inl<N

where k, = 2nrm/L,, k., = 2irn/L. are the horizontal wavenumbers and Lx and L,
are the periodicity lengths, the following equations in spectral space are obtained
from the pressure and the viscous terms at the last fractional step

- ik ft +v Fz( k -k2 (3a)

w ( iz ie ts o t o

-t= -- • ik f -_ k , - k 2 (3b)

a--- = - a-- A z + - k 2 - k 2 , (3c)

where O(z) is the horizontal Fourier transform of the mean velocity U(z), which is

nonzero only for (k 1, ky) 0. The continuity equation (Ib) becomes

ik ky + i Z = 0. (4)

Equations (3) are discretized in time using the Crank-Nicolson method for the
viscous term and the full implicit method for the pressure term. Eliminating ft from
(3a) and (3b), and using the incompressibility condition (4) we get an equation for

'+ , the vertical component of the velocity at time Iz,

(D2
- k 2) (D2 -k 2 - -L;) vt +I'(kx, ky, z) = g(k., k,, z), (5)

where

g(k., k, z) = 2 - k 2 + [D(ikrl2* + ik, *) + k21,*]. (6)

In (5) and (6) k 2 =-k' + k2, D = a/8z and velocities denoted by asterisks are the
results of the first two fractional steps. Note that these velocities do not satisfy
incompressibility since this condition is imposed only at the last fractional step, so
that the velocity is divergence free after the full time step. Equation (5) must be
solved for each horizontal wavenumber (kr, k,) with the boundary conditions

'= 0 and Di"' =-0. The latter condition follows from (4). In boundary layer
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flow this condition is used only at the lower boundary z = 0. Once $V+ is found
then the expression-for fi• I is

fI n[ - (D -k 2)(*k. a+ iko*-DV4- ) (ik. *+ ik>I*+Dv+ 1 ) .(i

(7)

The horizontal velocity components are obtained from the following Helmholtz
equations

* 2- 2+=-2 [ik.•4tfl÷-fi*J-(D2-k2)(a* + 20(z) (8)

* 2t/k= ---L ) b +.I = P-6 ]- (D 2- k 2) 6*. (9)

In what follows let us assume that we have efficient numerical solvers for the
channel and the boundary layer flow geometry for the Poisson equation

.(D 2 -kV) f(k., k. z) = g(k,, k.,, z) (10a)

and the Helmholtz equation

D- k ( 2 _ k2 -- •)f(k.,,k,_, )=fig(k,, k>, =,z (10b)

with homogeneous Dirichlet boundary conditions. With these solvers it is a
straightforward task to solve Eqs. (8) and (9) for 0'+ and d"' . Equation (5) will•
be solved by a modified Green's functions method.

BOUNDARY LAYER FRow

Equation (5) must be solved for all pairs of horizontal wavenumbers (k., k.,) in
the domain z e [0, oo) with the boundary conditions

Pý'(0) = ýý:(oc•) = D)i.(O) = 0.(1)

Note that in (11) and in all subsequent formulae explicit dependence of various •
functions on k•, k,• is often omitted if it does not lead to confusion. The solution
of (5) is obtained as

i;,(:) sa b - ir_ (z) + ivo(-), (12)
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where wo is obtained by solving the sequence of equations

(D 2-k2- 2--- ) OW = g(z); CM=WO 1a

(D2 -k 2 ) wo(z) fto(z); wo(0) = wo(oo) 0 (13b)

and w_(z) is obtained by solving

D2-k 2--t ' _(z)--; C_(0)-=-1,C_(ao)=0 (14a)

(D 2-k 2) w_(Z)=C_(z); W_(0) = W_(00) =0. (14b)

Constant b- is determined in such a way that the boundary condition (11) for
Dv(z) is satisfied,

b -Dwo(O)/Dw -(0). (15)

In the Green's functions method described in (6] if the function w- (the Green's
function for this problem) is found in the preprocessing step and is stored, the solu-
tion of (5) requires solution of the two equations (13a) and (13b). If storage is
limited only the boundary values Dw_(O) are stored. To get w', after finding wo
from (13) and b- from (15) Eqs. (13) are solved once more with the following
boundary conditions:

C(O)=b_, f(oo)= 0; '(0) =0, %'(oo)f=f0. (16)

Thus finding ) is equivalent to solving numerically four Poisson equations.
A simplification of the Green's function method discussed here is based on the

observation that Eqs. (14) for the Green's functions may be solved analytically.
Indeed, the solution to Eq. (14a) is

C-(z) = exp(-Kz), (17)

where K = (k2 + 2/(v At))12 . A solution to Eq. (14b) is sought as

w_(z)= Ae-"+e-*. (18)

Equation (14b) and the boundary conditions are satisfied if

A= -Bf= v dr/2. (19).

The derivative of w- at the boundary needed in (15) is

Dw_(O)0.5vJt(k-K). (20)
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After numerically solving the two equations (13a) and (13b), the complete solution
s'(z) is found from (12), (15), and (18)-(20). The work required is therefore
equivalent to solving numerically only two Poisson equations.

CHANNEL FLOW

In the case of the channel flow, Eq. (5) must be solved in the domain
e [- !, + I ] with the following boundary conditions

( = +1)-- D%(- 1)-- Di(+ 1)-- 0. (21)

In the Green's functions approach [6] this is done by representing the solution V,

as

l (z) = b- w_(z) + b + w ÷(z) + wo(z), (22)

where w0 is obtained from Eqs. (13) with zero boundary conditions at - + 1, and
the functions w± are solutions of the following sequence of equations

D 2-k2- t (Z = :1- 0; _1 1= 1+ 1) = 1;
V I(23a)

;+(- 1)=;-(+ 1) =-0;
(D2 -k2) g,± = ±(:); Wt±(- 0)=0. (23b)

Constants b ± will be determined from the boundary conditions for Dlý( ± 1) (Eq. 9
(21)).

As in the case of the boundary layer flow Eqs. (23) may be solved analytically.
The solution of (23a) is

ý,±(z)-- A te-': + B± e'•, (24)

where K = (k2 + 2/(v Jt)) '12, and

1 1
A e- 3.' B. = -I 3B- A4 =8, B+ =A-. (25)

A solution to Eq. (23b) is sought in the following form

w±(:) = C± e+': + D± e-': + E± eh: + F± ek (26)
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The constants in (26) are determined from Eq. (23b) and its boundary conditions

C v 4t/2 D v t/2 (27a); (27b)
e_,_e 3  eD -- e_-

v At/2 v 4t/2
E_. e-k-ek' F. = ek eS (27c), (27d)

C+ =D-, D. =C_, E =F-, F, =E_. (27e)

The boundary conditions (21) are used to get a system of linear equations for b ,

b+Dw+(±+)+bDw_(±l)= -Dwo(±I). (28)

Using symmetries (27e) we get

Dw_(±+)= -Dw+F(-I) (29)

and the explicit expression for b± is obtained from (28)

(-Dw.(± 1) Dwo(+ 1) + Dw+(T- 1) Dwo(- 1))b± = (Dw+( + 1)2 -Dw+(- 1)2) (30)

Expressions for Dw + (± 1) are gotten from (26),

Dw.+.(- 1) = Ivt e2Ke2 e2,--k (31a)

Dw÷(+ 1)--1vdt [K(l 1-)-k7-)]. 3b
2T-e _- le") I'-e-U_ l--e" 3b

Note that the solution procxdure must be modified for the wavenumber k = 0, since

in this case a solution to (23b) is

w± (z) = C± e K + D± e-"-+ E± z + F±. (32)

In (32) the constants C,, D± are given by (27a), (27b), and (27e) and

E_ = -F- =Iv.t, E, =F+ = -Iv t. (33)

The complete solution is determined by Eq. (22), where wo is obtained by numeri-
cally solving the two equations (13), w, are given by (26) (or (32) for k=0), and
constants b,± are given by Eq. (30). Formula (30) involves derivatives of the exact
solution w,+ and the solution wo which are calculated numerically with necessarily
finite accuracy. For the vertical resolution N< 32 modes combining derivatives of
the analytical and the numerical solutions led to slight errors in the constants b ±.

In such a case it is advisable to use in (30) boundary derivatives of the function it,
computed numerically in the pre-processing step. This results in cancellation of
errors and improved accuracy for the constants b:±. For N> 64 this method does
not improve accuracy any further and formulas (30) and (3!) should be used.
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TABLE I

Comparison between Growth Rates of the
Tollmien-Schlichting Waves Obtained from the

Orr-Sommerfeld Equation (wos) and from
the Navier-Stokes Solver (wNs).

Re WOS •rNS &

1500 -0.0010049 -0.0010048 !0-4

1800 -0.0000991 -0.0000990 i0-3
2100 +0.0005267 +0.0005269 3 x 10-4

Note. The relative error c = fiONs - wos)/Avos.

NUMERICAL EXAMPLE

To test the above method a pseudo-spectral boundary layer code used previously
by Domaradzki and Metcalfe [9] was modified according to these ideas. The code
used in [9] was derived from the channel code of Orszag and Kells [8] and uses
the full time splitting method which is known to violate the incompressibility condi-
tion. For this reason it generally produces results that are significantly less accurate
than results obtained by numerical codes that satisfy incompressibility. A standard
test of the accuracy of a boundary layer and a channel flow code is made by
comparing growth rates of modes calculated from the Orr-Sommerfeld equation
with growth rates of the same modes predicted by the Navier-Stokes code.

We have performed such tests for the modified code. The Navier-Stokes simula-
tions were initialized with the velocity fields obtained from the most unstable mode
of the Orr-Sommerfeld equation for a wavenumber ot = 1.0 and three different
Reynolds numbers (based on the boundary layer thickness defined as
6=6.02(vx/Uo)/'2 ). The amplitude of the wave was chosen as 10-' of the free
stream velocity U0, so that the nonlinear effects were small. Simulations were
two-dimensional with 65 mesh points in the vertical and 8 points in the horizontal
direction. In Table I the comparison is presented between growth rates of the
Tollmien-Schlichting waves obtained from the Orr-Sommerfeld solver and results
of numerical solution of the Navier-Stokes equation after 50 time steps. For all
three cases the growth rates predicted by the Navier-Stokes solver agree with the
growth rates calculated from the Orr-Sommerfeld equation up to six significant
figures. This accuracy matches the accuracy of results obtained by Marcus [3] in
a similar test problem for his divergence free code for Couette flow (see Table I in
[3]). Also the relative error e is generally about two orders of magnitude less than
the error observed in simulations performed with the full time splitting method used 0
in [9] for the boundary layer and in [8] for the channel flow.

In Table [I timings for the analytical and numerical Green's functions methods
are presented for the boundary layer code run with a resolution of 64' modes on

O



240 J. ANDRZEJ DOMARADZKI

TABLE 11

CPU Timings (in Seconds) for Different Implementations
" of the Green's Functions Method

Method Full step 3rd step Poisson solver

NA 12.20 9.37 0.50
AA 11.03 8.25 0.50

NF 19.26 16.34 1.64
AF 15.40 12.58 1.58

Note. NA-numerical with an assembly Poisson solver;
AA-analytical with an assembly Poisson solver; NF-
numerical with a Fortran Poisson solver; AF-analytical
with a Fortran Poisson solver. Timings are for the full time

step, the third fractional step (the pressure and viscous
step), and the Poisson solver.

the Cray X-MP. Using the analytical Green's functions reduces required CPU time
by about 10% (time needed to solve two Poisson equations) as compared with the
methods discussed in [6, 7] which solve all Poisson equations numerically. The
above estimate should be considered as a lower bound since we used a highly
optimized Poisson solver coded in the Assembly language on the Cray X-MP. For
the same Poisson solver coded in Fortran savings in computer time are about 20%
when using the analytical Green's functions method instead of the numerical one,
since two Poisson solvers saved constitute larger portion of the full time step than
in the previous case. Similar savings were also observed after applying the analytical
Green's functions methods to modify the numerical code used by Domaradzki and
Metcalfe [10] to simulate Rayleigh-Benard convection between two rigid plates.
The numerical Navier-Stokes solver in [10] uses the Green's functions method of
reference [6]. How much time will precisely be saved in any particular case
depends on details of a numerical code since savings are equivalent to time needed
to solve two Poisson equations and this time may vary among different codes. In
high resolution numerical simulations an increase by 10-20% in an efficiency of a
numerical code may translate into hours of supercomputer time saved per run.

The incompressibility was checked by comparing individual terms au/ax, av/lay,
Owl/z with their sum, which should be equal to zero. At the first mesh point away
from the boundary z = 0.000186 the relative error is 2%, dropping to 0.03% at the
second mesh point z =0.00076, and to 0.001% at the third point z =0.00176. This
error in the divergence at the boundary is caused entirely by an inaccuracy of the
order 10-,0 in the numerical calculation of the z-derivative in that region. Close to
the boundary derivatives of the velocity are all of the order 10-' so that the
absolute error of the order 10-10 has an appreciable effect on the accuracy of the
divergence. The relative error in the divergence becomes uniformly less than 10-'
for : > 0.0156.
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CONCLUSIONS

We have shown that the Green's functions method [3, 6, 7] for the channel and
the flat plate boundary layer flow may be modified by solving analytically several
equations that are usually solved numerically. This modification reduces from six to
four the number of Poisson and Helmholtz equations that must be solved numeri-
cally at each time step. For a typical pseudo-spectral Navier-Stokes solver this
modifications saves about 10% of computer time as compared with the original
method that solves all equations numerically. The amount of required computer
time may be reduced even further as follows. If the vertical component of velocity
w is known and one of the horizontal components of velocity (u) is determined
from (8) then the other horizontal component may be obtained from the incom-
pressibility condition instead of Poisson Eq. (9). This reduces to three the total
number of Poisson solvers needed per time step. The implementation of the Green's
functions method described in this note is especially attractive in modifying existing
pseudo-spectral codes that use either the Green's functions method [6] or the
equivalent capacitance matrix technique [7]. It may also be attractive in the 0
development of new codes since an algorithm to solve efficiently Eqs. (1) may be
constructed from standard numerical building blocks: Fast Fourier Transform sub-
routines to calculate the nonlinear terms and Poisson and Helmholtz solvers (with
homogeneous Dirichlet boundary conditions) to treat viscous and pressure effects.
The existence of the analytical Green's functions in Navier-Stokes solvers for simple
flat plate and channel flow geometry also suggests that their existence in more
complicated geometries should be investigated.
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AbstrahLctWe have obtained finite amplitude states for boundary layer flow over a flat plate
initializing simulations with the most unstable Tollmien-Schlicting(T-S) waves and advanced
until the amplitudes of all excited modes were found to be saturated. The eigen-functions of the 0
transverse velocity modes as well as the streamwise velocity modes were observed to be
preserving in shape. However the mean flow correction was observed to be not stabilizing. The
response of this finite amplitude state to a localized perturbation is investigated. Low amplitude
forcing (1% of free stream velocity) led to no significant interaction between the large scales and
the small scale perturbations, but resulted in viscously damped perturbations. Qualitatively,
different behavior was observed in the energy growth rate by varying the amplitude of forcing for
both T-S and finite amplitude state initializations. A 50% distribution of Chebyshev points in the
vertical direction in the boundary layer could best resolve the transverse eigen functions and their
derivatives.

1. Introduction. A sizeable scientific community agrees that the turbulent burst cycle is the single
most important event for wall bounded flows. There are a large number of models pertaining to
the appearance and the activities of these structures and their role in the flow properties. Bursts are
rare, intense hydrodynamic events in turbulent boundary layers and result in high wall pressure
peaks which advect with the mean flow and may serve as sources of acoustic radiation. The most
important feature of natural bursts in turbulent boundary layers is their random occurrence. Apart
from the difficulties associated in resolving the vortex structures over a large range of length
scales (typically W07), the long memory of the flow complicates the understanding between the
observed effects and external stimuli. According to Acarlar and Smith,(JFM 1987, Vol-175, pp.
43-83) artificially creating an inflectional profile yield similar flow structures and behavior as
observed in a turbulent boundary layer. Controlled experiments would be useful in understanding
turbulent flow structures. However, it is essential to note that by considering artificial bursts large
scale turbulent structures responsible for terminating bursts are removed. The evolution of pairs
of counter rotating vortices (figure-1) generated by suction-blowing mechanism gave the required
structure for study, as a model problem.

IT- Details of Numerical simulations .
Nonlinear stability analysis of laminar boundary layer flow predicts existence of finite amplitude

time periodic waves for supercritical Reynolds numbers in the vicinity of the lower branch of the
stability curve(figure-2). We have attempted to perform pseudospectral numerical simulations for
finite amplitude states in a boundary layer and study their interaction with T-S waves and wall
forcing. Crank Nicolson time stepping is used. Pressure and viscous terms are handled implicitly 0
and nonlinear terms are handled using Adams-Bashforth explicit scheme. Mean flow diffusion
term was switched off to prevent boundary layer growth in the computational cell.
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Breuer's Initialization(JFM 1990 Vol 220. pD595-621): The initial disturbance used is comprised
of two pairs of counter rotating vortices defined by the following velocity field at t=0. Figures 3(a)
and 3(b) show the streamwise and spanwise perturbation field in the horizontal and vertical planes
at the end of first time step.

U=0

v = -0.2xy (3z2  2z4) e-(2+ Y +z)

w =0.2xz3 (1-2y2)e-(2+1+2)

where x=xIL,, y=yly and z=zIL., where x, y, z are the cartesian coordinates,
L~ -5.08*, L = 6.068, z = 1.28; and 8: is the displacement thickness of the boundary layer.

This initial field gives a peak-peak value of w about 7% of free stream velocity at ( 0 ,0, 3

T'he size of the computational box is 100 8d* by 50 Sd. Reynolds number based on t1ebundary
layer thickness is 3325.

Poisson Equation for Pressure head:
A Poisson equation for pressure head is obtained by taking the divergence of N-S equations and is
given by

(D 2-k2) nl-n+ = ik,(vx o)n +ik (vxco) + 3-- - X ((vxo)) -ikxU' (z)wn

k+ ' ,k U (z)zu +, ,- ikxU (Z) zw

where D=d. This is solved with the boundary conditionan av

where u,v,wand n are in spectral space.
The expression for the pressure head employing Green's function method (Domaradzki, J.
Comput. Phys. 1990, vol. 88) in spectral space is

n n+ (z) = e-£(.n(0) -vw(o))H +'(z)

where n, (z) satisfies

(D2'- k2)H n = g (z)o,(0) = ,r. o0

where
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g(z) = i

+ kU(z)U kkyU (z) - ikxU (z)

This method when used as a diagnostic gave the correct structure for the pressure field.
Alternatively,

2 2 n+Il= 2 _ k2 2 + *(ik

where u*, v*, w* are the fractional step streamwise, spanwise and vertical velocities. l
This is solved with the following boundary conditions ((a) and (b))

(a) flin+ Ib = 2D2(wn+t+w*)

(b) 1n+ 1b 2 vD2w n+

This gives n 2 2(a n (z (An Awn- + I~'+ + d w) no (z)+ n.z(a) FLV~ (z) -- 1 (dz n 2 (dz2 )1f
dz n 2 Z+ + w ))b (°

(b)n n 1+(z) 1-f d2%;•--V no(z) + n(z)

However the pressure head was found to be not sensitive to the type of boundary condition 9
imposed ((a) or (b)). Though this method gave the correct vertical structure of pressure, it could
not preserve incompressibility. Figures 4(a) and 4(b) depict pressure head in the vertical and
horizontal planes respectively in the first few steps.
An alternate numerical scheme for the explicit handling of nonlinear terms for the equations
written in the spectral space using the fractional time splitting method: 0

= -IwU-ikVuU

= -ikUv
aw = •~

is given by: t= -ikUw

(I + ikxU 2Atun = At

UA *+
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At

(I + ikxU--) *V 
At V

At
( (+ ikxU)2

At
(1 -ikxu-)

whereu, v, w and U are in spectral space and u*, v*, W, are the intermediate results of velocity in
x, y, z directions respectively.
However, the implementation of this scheme did not lead to any improved accuracy.

Vertical Mapping,:

The distribution of Chebyshev points by an analytical mapping in the vertical direction controls
the grid growth ratios of successive points. We observe that the accuracy of the numerical
derivatives computation is strongly dependent on the uniformity of the grid growth ratios
especially close to the boundary. The present mapping was found to be better than other algebraic
functions explored. For T-S wave initializations, 50% distribution of vertical points in the
boundary layer resolved the transverse velocity modes accurately. The analytical mapping used
has the matrix elements:

GF(z) ab

(b+z)2

Finite Amplitude State:
Finite amplitude state is obtained by 2-D temporal simulations of the most unstable T-S wave
initialization for Re=2170 (based on boundary layer thickness). The point corresponding to z=10
in the physical space is used for normalizing the equilibrium amplitude to Ae--0.0023. Temporal
simulations are continued until all the higher modes were saturated.
The governing equation at equilibrium for transfer of energy between spectral modes for finite
amplitude states is given by: d uo du * *dui

V-- = w7l- + wT

where u0 and ul refer to the zero mode and complex conjugate of first mode of the streamwise
velocity respectively in the spectral space.
These finite amplitude states when perturbed by blowing and suction led to large energy growth
during the first phase of blowing. The maximum perturbation measured from the entire flow field
was observed to be periodic in time.
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LOCATION OF THE SLIT FOR THE BLOWING-SUCTION

0.58G

2.58*

7.5 8*

01!5 3.uo .Y5 t

Mechanism of Blowing & Suction: A slit is made on the boundary at the mid -spanwise 0
location of width half a boundary layer thickness in the computational box of size 7.58*
and 2.58* in the streamwise and spanwise directions respectively. The blowing is
continued until t=1.5 and suction is enforced after 1.5 units of time.
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II. Oualitative features
(i)The transverse eigen modes and streamwise eigen modes preserve their shape in the temporal
simulations. Figures 10(a)&(b), 11 (a)&(b) show the normalized streamwise first mode real and
imaginary parts at t=O and t=400 in spectral space. Figures 12(a)&(b) show the trarsverse fourth
mode real part at t=100 and t=200.
(ii)The transverse eigen modes and their derivatives were observed to be smooth and best
resolved for 50% distribution of vertical Chebyshev points in the boundary layer.
(iii)The energy set in the first mode remains approximately constant while higher modes gain
energy by nonlinear interactions and saturate after a certain time. Figures 8(a)&(b) and 9(a)&(b)
depict the streamwise first and fourth velocity modes evolution and their maximum amplitude.
(iv)The structure generated by the wall forcing in the boundary iayer advects in the temporal
simulations. Figures 5(a)&(b) show the streamwise velocity u in the vertical plane at t=10 and
t=25. The flow is from left to right and the structure advects downstream.
(v)Viscous decay of the perturbations occurred for 1.5% boundary layer forcing. Figures 6(a)&(b)
are the contour plots of spanwise velocity v at t=10 and t=25 in the horizontal plane for boundary
layer forcing alone. Figures 13(a)-(d), 14(a)&(b) are the contour plots of streamwise velocity u in
the vertical plane starting from t--O to t=25. Figures 15(a)&(b) are the contour plots of spanwise
velocity v in the horizontal plane at t=5 and t=25.
(vi)An enormous energy growth rate occurred at 5% wall forcing with T-S wave initialization
while this occurred at 1.25% wall forcing with finite amplitude initialization.
(vii)The maximum streamwise perturbation recorded for the entire flow decays with time, while
perturbation energy growth rate decays at an increasing rate for boundary layer forcing generated
by blowing-suction mechanism (Figures 7(a)&(b)).
(viii)Large scale structures can be effectively modeled through nonlinear, finite amplitude
Tollmien-Schlicting waves.

Data Visualization:
The following color templates, coded on the magnitude of the variable plotted are available from
the authors upon request. They depict a pair of counter rotating vortices localized in the boundary
layer with periodic boundary conditions. They can be observed to be diffusing in time.
Template-1 shows the surface plot of the initial condition for streamwise perturbation obtained
from the most unstable T-S wave initialization.
Template-2 shows the streamwise perturbation surface plot at t=400.
Template-3 is a contour plot of the evolution of a set of counter rotating vortices in the 2-D
simulation at intermediate time t=50.
Template-4 depicts the diffusion of the counter rotating vortices at t=200.
Template-5 is a contour plot of streamwise perturbation in x-z plane(Finite Amplitude state).
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Che table-I given below shows the amplitude limits, CPU time and minimum required resolution
or different types of runs as shown below.

Table-i
physical time CPU tine per Min. vertical

Type of run before blow up Amplitude of forcing iteration resoln.*

B.L. forcing _ 1.5% 11 sec 65

B.L. forcing + 5% before blow up 28sec 129
T.S. waves 0

B.L. .85sec 1.5% 29sec 129
forcing +
FAST** 1.25 sec 1.25%

Conclusions:

(a)Applied suction/blowing mechanism at the wall induces desired flow structures.
(b)Low Amplitude forcing (1.5%U..) results in viscously damped perturbations.
"c)Large Scale structures can be effectively modeled through nonlinear finite amplitude T-S
waves.
(d)No significant interaction between large scales and a small scale perturbation at the low level
of forcing. (up to 1.5%U.-)
(e)The transverse eigen modes and streamwise eigen modes preserve their shape in the temporal
iimulations.

*-To resolve the eigen functions and their derivatives accurately.
**-Finite Amplitude state
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figure -1

Artificial Burst

Pseudospectral numerical code for boundary layer flows employing an-
alytical Green's functions method (JADJ. Comput. Phys.88, (1990))

Suction-blowing boundary conditions to induce two pairs of counter-
rotating vortices (after Breuer, Haritonidis and Landahl JFM 220, 1990).
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Large Scale Structure

Nonlinear, finite amplitude Tollmien-Schlichting wave in a laminar bound-
ary layer flow (Sen and Vashist, Proc. R. Soc. Lond. A424, 1989) 0
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Sound generation by a deterministic, hydrodynamic pressure pulse in a fluid flowing over a
compliant coating with an embedded void inhomogeneity is investigated. The inhomogeneity is
represented by an acoustic monopole and its strength is found for several models of the
pressure pulse. The far-field acoustic pressure is calculated for all models and is compared with
the sound generated by a statistically stationary turbulent boundary layer. It is found that for
certain parameters of the coating, the intensity of scattered sound generated by a deterministic
pulse may exceed by 10-40 dB the intensity of sound estimated for the statistical turbulent
boundary layer forcing.

PACS numbers: 43.20.Fn

INTRODUCTION University of America. These investigations clearly identi-

A turbulent boundary layer flow at low Mach number fled the presence of large amplitude wall pressure events"
over a rigid, uniform plate radiates sound that is determined and correlated them with turbulent bursts observed in the
by a distribution of quadrupoles resulting from the velocity boundary layers.' 2 The wall pressures associated with burst-
fluctuations in the boundary layer.' In practical applica- ing events are larger than the rms wall pressure values and
tions, the assumption of the rigid, uniform plate is usually despite their rare occurrence contribute significantly to glo-
untenable since various inhomogeneities in the plate am in- bal quantities. Johansson et aL 13 report that pressure peaks
troduced by manufacturing processes, and for structural with amplitudes larger than 2 .5p,.. occur during about 6%
reasons, often nonrigid, compliant plates are desirable. In a of the total time but contribute about 20% to the long time
number of papers, Howe2" has shown that inhomogeneities rms value of pressurep,,.. Karangelen etaL•" observe much
in compliant plates will be responsible for acoustic radiation stronger effects, claiming that pressure peaks greater than
with intensity levels which may considerably exceed the in- 3p,.. contribute 49% to the rms pressure.
tensity levels of the background quadrupole radiation. The The importance of bursts in the Reynolds stress produc-
mechanism that generates this intense sound has been identi- tion and in generation of the high wall pressure peaks points
fled as a scattering by inhomogeneities of the strong hydro- to their possible acoustical importance. In this paper, we
dynamic pressure fluctuations from the convective region of examine a generic problem of scattering of a hydrodynamic
the wall pressure spectrum. Quantitative results for the in- pressure pulse, attributable to a turbulent burst in a fluid, by
tensity of the scattered sound are usually arrived at by em- an inhomogeneity in a surface coating which lies under the
ploying the phenomenological formulas of Chase7 for the fluid. The intensities of sound produced by a deterministic
rigid wall pressure spectrum, which represents the effect of burst are compared with estimates provided for the same
the wall pressure fluctuations averaged over the ensemble of problem by the standard statistical approach.
statistically stationary turbulent boundary layers. However,
the statistical representation of the wall pressures masks the I. FORMULATION OF THE PROBLEM
presence of strong, deterministic events in turbulent bound- We consider the problem of generation of acoustic
ary layers known as bursts. Bursts in turbulent boundary waves by a boundary layer flow over a coating containing a
layers have been identified as relatively rare, spatially local- localized inhomogeneity. Inviscid fluid with density Po and
ized, short-lived events, with amplitudes considerably larger speed of sound co occupies the upper half-space x3 > 0. The
than the corresponding statistically averaged quantities.'1 0  coating occupies the lower half-space x3 <0, and is itself
Despite their rare occurrence, these events contribute signif- modeled as a static, inviscid fluid with density p, and speed
icantly to the Reynolds stress production and drag in the of sound c,. The inhomogeneity is modeled as a spherical
boundary layers. It also appears that turbulent bursts are void of radius a centered at the point ro - (0,0, - h) (Fig.
responsible for the generation of localized, high wall pres- 1). Acoustic waves are generated by the flow either directly
sures beneath turbulent boundary layers. Recently, exten- (e.g., a turbulent boundary layer will produce quadrupole
sive investigations of the wall pressure properties in turbu- radiation in the presence of a homogeneous coating) or in-
lent boundary layers have been conducted at the Catholic directly through the process of scattering of hydrodynamic
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fluid Xe - dk1 dk, do, (6)

x P0I CO where k = (k, ,k2 ) is the two-dimensional wave-number 0
vector parallel to the interface, x = (x ,x, ) is the projection
of the radial vector r on the interface, and w is the circularf X , frequency. Analogous formulas for quantities which are

Ih coating functions of time only are
1 If(o) ='f!f t)e"O dt' (7) 0

/ Qf(/) .-Lf (.)e .... d,. (8)
FIG. 1. Schematic view of the physical situation. 27r~(8

Fourier transforming Eqs. (2) and (3) gives

---- (kz.w) =7T(kzw), for z>0, (9) *

pressures by the coating inhomogeneity. The void is as- -? .(kzca) = Q(w)6(z + h), for z<0,
sumed to be acoustically compact for all significant hydro- (10)
dynamic frequencies; i.e.,

awa/co,wa/c, - 1. (1) where z now denotes the vertical coordinate x3 , and

Therefore, the inhomogeneity may be treated as equiva- yo = Vk 2 + k 22 - -/c = Vk _W-/Co, (11)

lent to a concentrated monopole. With these assumptions, 2= + k " - l - (12)
Lighthill's aeroacoustic equation determining the acousticpressure at point r = (x1 ,x2 ,x3 ) --- (x,y•z) is For real k such that k> wiI/c, (i =--0,1 ) y, is real and taken

as positive. For k such that k < I awI/c,, to satisfy the radiation

VZ ---- p(r,t) - T(r,t), for x, >0, (2) conditiony,• must be taken as negative imaginary ifw > 0 and *
S it ) fX>0positive imaginary if w < 0.

2 1 a3) Solutions of (9) and (10) satisfying either radiation
V -• ),t -M(r,t), for x3 <0, (3) conditions for JzJ- oo if k< IaI/c1 , or decaying to zero if

k > IwI/c,, are then as follows:
where p(r,t) is the pressure field, T(rt) is the Lighthill

quadrupole source term, and M(r,t) is a monopole concen- P(k,zm)

trated at ro = (0,0, - h), 1 1ka',w)e -.. o- dz' + Ae t,

M(r,t) = Q(t)b(x)6(y)&(z + h). (4) 2"o o

The monopole strength Q(t) will be determined in the for z> 0, (13)

course of the calculations. --
Solutions of Eqs. (2) and (3) must satisfy the radiation 2y(kz,) = - - Q(o)e - r,1, + hI + Be - ,

conditions of outgoing waves at large distances from the in- f
terface, x, - ± oo, and the pressurep(rt) and normal ve- for z<. (14)
locity (or the acceleration (lip) [ap(r,t)/ax3 ] )must be Boundary conditions at the interface provide equations
continuous at the interface x3 = 0. It is assumed that defor- for A and B:
mations of the interface by the pressure forces are small and 7(kw) Q(kw)
the interface may be treated as being flat. All propagation A -- B- , (15)
effects associated with the very low Mach number mean flow 2Y' 0
have been neglected. ro T(kw) -- k)B+ , (16)

Po 2P0 PI 20o,
where

II. SOLUTION OF THE GOVERNING EQUATIONS

Equations (2) and (3), with the boundary conditions I t(k,w) = T(kz•,)e - d (17)
specified at the end of the previous section, are conveniently J

solved using a Fourier representation. Definitions of the Q(kw) = Q(Woer'h (18)
Fourier transform F(k,x3 ,W) of a function F(x,x3 ,t) and the The solution to this system of equations is
inverse relation used in this paper are

_r rA= TM(ki) Pi Yo -Po Yi Q(kwa) ZPo Y,
F(k~x,,wa) = F(xx,X,t)e(k- ~") dix1 dr2 dt, (5) 2yo p, yo +poy 2?, p Pto +Por,f J f f(19) 0

.2



T(k.w) 2p, yo Q(kaa) PoY, - P, Yo By virtue of the condition wa/c1 4 1 [Eq. (1)1, its average
B - 2 yi Pt "+PoYi over the sphere of radius a centered at r - r, is

(20) (p, (r,•w)) -Q(oj)/4a. (26)

Using the above formulas, we get explicit expressions The second term in Eq. (22) contains contributions

for the pressure field as a function of position r and frequen- from both the hydrodynamic forces T and from the mono-

cy W: pole Q. The factor T(k.w), for given w, is heavily concentrat-
ed around the convective wave number

p(r,o)= ( f d-ke- f* ^(k~z',) (k,,k,) = (W/U.,0). where U, is the convection velocity
2(r)0 which, in practical underwater situations, is always much

Xe 1Y'l + z 2k..k + fke less than the speed of sound. Therefore, in the term involving

" (2•,). IV T, we havek = 1k- + k. _w/c, and the factory,, may be
approximated by k. This approximation results in the de-

- R r T(k,a) -PQ 2(k,a), z>0, pendence of the integral on spatial coordinates through
(21) exp( - ik~x, - ik~x 2 + k' zi) which implies that

the contribution p, (r,w) to total pressure coming from the
I) Q(W) d k e - - , hi hydrodynamic forces is a harmonic function. Since the aver-

(21r) 2  2 fJi age of any harmonic function over a sphere is equal to the
value of the function at the center of the sphere (e.g., Tik-

4k e - .kx - , _ (ka._) honov and Samarski's ), we get the following result:

(21r)' J 2 yo0 I d , k

Q(k,w)' (P2 (r,ca))z - d2kerhrTki
_ 2y R •1 ) fr z<0, (22) (271r f

where P and R are, respectively, the transmission and reflec- - -- 2 P1 d 2k e - 'h T(kh )

tion coefficients for the boundary layer (subscript T) and (2 1) P0 +Pi J k
the monopole (subscript Q) radiation: (27)

2p, -o 2The final term, denoted asP3 (r,aw), describes the contri-

Pr = ,P = 2 (23) bution from the monopole radiation reflected from the inter-
Pt Yo + Port Pi ro +Por,1 face. Averaging this term over a sphere will involve varia-

Pt o -Port PoR _ i --_Piro tions in the variable z of the order a <wlc1 . Using this fact
RT= ro+Por RQ= (24) andrepresentinglzjash+Az, where -- a<Az< +a, we

get the following approximation for the quantity y, Izi:

y, Izi =r, h + k Az = k Iz + (, - k)h. (28)
Il1. DETERMINATION OF THE MONOPOLE SOURCE Thus for variations of z over a scale a, the term p. (ra)

Pressure fields (21) and (22) are formally determined is a harmonic function and its spherical average is its value at
by the hydrodynamic forcing Tand the monopole source Q. the center of the sphere:
Physically, however, pressure is generated entirely by the R Q(g) "k 2 Y,,RQ(kw)
hydrodynamic forces; the monopole source Q is not an inde- (p3 (r,a)) I (2 6)"d 2 J e

pendent quantity and must be expressed in terms of T. The 2 29
relation between the strength of the monopole and the hy- (29)
drodynamic forces is found by assuming that the void acts Since the sum of expressions (26), (27), and (29) is to

only as a passive scatterer of the hydrodynamic pressures, be set to zero, we get the following result for the strength of

such that the pressure in the void remains at all times con- the monopole in terms of the hydrodynamic forces:

stant. Since we are representing the void to leading order ( Pt fd2kekh T(kw"( ).
simply as a monopole, we must ignore pressure fluctuations P - Yo+Pi f kP
in the void associated with shape variations, and must re-
quire that the pressure p(rea) averaged over the surface of ( +-lf d 2ke-2rARQ(k'a)\-'

the void x4+x + (x 3 + h)=a2 vanishes; i.e., the "mon- 2 J Yt
opole component" of the pressure at the void surface is zero. (30)

Thus averaging (denoted by (...)) Eq. (22) over the surface Further simplification of formula (30) is achieved em-
of the void will provide the required relation between Q and ploying the assumption that deformations of the interface by
T. the pressure forces are small. Thus the Lighthill source term

The first term in (22) is the direct field of the monopole T may be approximated by the equivalent source for a flow
in the absence of the interface and thus its contribution is over a flat, rigid plate. In this case, the pressure field for z> 0
known to be is determined by Eq. (2), solved with the boundary condi-

- tion dp/d' = 0 at the interface z = 0. Solution is given by Eq.
Pt (r,w) = - Q(W) e4l- o/1 (25) (21) with reflection coefficient Rr = I and transmission co-

4r -ro efficient PQ = 0:

3



p(r,w) = d ke-k- lp(o) = 27th dte` (.. d~x 2 (x + )

x -I f o._(k~z',,)e _ ,, .dz,) (37)

x ( The remaining integral in formula (30) is again simplified
using a cylindrical system of coordinates:

-+ d'ke T(k.w) - 2,, RQ(k.eo)
(27)W f 2 y, ' i( W d-k

2 f J
z>0. (31)

In particular, at z- 0, ---- " kdke A 2 o-' .(. (38)I, Y1 (yo +r

(x,0,W) 1 d 2k e -" ,k.w (k (32) For problems of interest in this paper co > c, and thus
(21r) 2 fo Ko <K,. With this ordering of acoustic wave numbers the

"The last equation allows us to express the hydrodynamic integral (38) is split into three parts, involving integration
forcing Tin terms of the wall pressure transform (spectrum) over k with limits from 0 to Ko, from Ko to Kc, ,and from K, to
P, (k,w) on the rigid plate: infinity. Changing the variable of integration k to

t(k,Ow) = - (k,0o) =-YoPo(ka). (33) u= jr-k" in the first two integrals, and to

In Eq. (30) defining Q(o), the main contribution to the u = V - K in the last one, we get

integral containing Tcomes from wave numbers k such that -

k = j v kT,> w/cC. Therefore, k ='o and the strength of IR(O) = r du e- - +

the monopole can be expressed in terms of the rigid wall u +U

pressure spectrum as hr/.'due

Q() = ('Po +P f d k e-"hPo(ko)) oiirfdu i u --- ' u

+ rfdu ezhu 39Sf d- q( 'w 0V7 +_+U
2Y () where si = (2 - x ) = x' (I - ir). An additional change

(34) of variables u = K• u, and introduction of the nondimen-
The integrals defining Q(o) may be further simplified. sional parameter e, give

Let us introduce the following parameters: acoustic wave
numbers forboth media, i = alVco,°and1, = •aj/c,;dis- 4(o) f' (__ (1--)_ ---_
tance of the inhomogeneity from the interface in acoustic - - - i dv e- : --
wavelength units, e = h wjw/c, = hK, = 21rh/k1A,; ratio of (K, i0) Jo (4 IUT -(1- _7)1 + U)

acoustic wave numbers K = K1%/K• = c, Ico; density ratio 2-( ,V7+) V
=p/po. + j dve 4 +(1-)v

Using the definitions (5) and (6) of the Fourier trans- (44))

forms, we can write the integral containing P, (k,w) in the

following form: where the dependence on w is through the parameter e.

-0 = khpo (k) Therefore, the expression for Q becomes

tr(w=f e a Ia +(W) (41)
o '+ I dr/ax+l1(deW

_ dt f d • x,0 U d k ee where the integrals 4p (w) and l(t W are given by Eqs. (37)

(35) and (40), respectively. Note that the strength of the mono-

where Po (x,t) is the rigid wall pressure distribution. In the pole in this equation is expressed entirely through the wall

above equation, the Fourier transform of e is calculated preure distribution Po (x,t). Exact frequency dependence
laroov aionath res trans oof Q must be obtained through numerical computation of

in polar coordinates as these integrals for particular Po (xv) and prescribed values

f d 2k ee- = 2rf dkek- IkJo (k [x') of the nondimensional parameters.

21rh IV. MODELS OF PRESSURE PULSE

(h 2 + Ix12)3/2' (36) We consider in this section four different models of lo-
calized, wall pressure distributions to evaluate the integral

where Jo is the Bessel function of zero order and the last (37). The simplest model that allows analytical evaluation
equality is found from a table of integrals." Therefore, the of (37) is a concentrated force moving with a constant con-
integral Ip (w) is the Fourier transform, in the time domain, vection velocity UI, which is a fraction of the mean free
of the wall pressure averaged with the weight function (36): stream velocity U0, along the x, axis:



P, (x.t) = Pb6(x, - Uft)6(x,). (42) ' 2P 0 (xjt) =Pog(t) , (44)
For this model, which we will refer to as the concentrat- d - - (x - U, t)

ed force model, Eq. (37) becomes where the function g(t) accounts for the fact that the ampli-

2 dt e"(" =i -1rh1_________` tude of the burst varies in time, with maximum
P(a)= f U• [(h /Uc )2 + t 213/2 PD = 0 .005 5p, U', and U, = 0.8Uo chosen to match the ex-

perimental results of Willmarth.' In this model, subsequent-
4rP(h K (hh.') ly referred to as the Duncan model, the function g(t) is-L ' - K , ( 4 3 )

h U, Uý I~l UI_3.7856 exp( - 2t /3)sin~irt/6), 0(t<6.
where K, is the modified Bessel function of the second kind, g(t) = 10, otherwise.
of order unity. Employing directly formula (35), with (45)
P, (kaw) calculated as the Fourier transform of (42), gives where time is nondimensionalized with 6/ U, where 6 is the
the same result, which serves as an independent check of the boundary layer thickness, and d = 6/2.
transformations leading from (35) to (37). The intensity of In what follows, we assume that the distance of the in-
the acoustic radiation at any frequency will be proportional homogeneity from the interface is close to the boundary lay-
to the square of the absolute value of (43). A plot of this er thickness. This choice of h is motivated by the fact that our
quantity, normalized by its peak value, is shown in Fig. 2. most realistic model, discussed next, is obtained for the
The function has its maximum at ho./U, = 0, is relatively boundary layer flow at Re. =600, where Re, is Reynolds
large at subconvective frequencies ha/ U, < 1 (where here number based on the momentum thickness. For the flow of
".subconvective" implies reference to a wave number of or- water (kinematic viscosity v = 0.01 cm 2/s) with typical free
der h - '), and decays rapidly to zero for hw/U, > 5. stream velocity U, = 10 m/s, the boundary layer thickness

A model of a wall pressure distribution associated with a is 6= 1 mm at this Reynolds number. This last value seems
burst in a turbulent boundary layer was proposed by Dun- to be a realistic distance of possible inhomogeneities from the
can.' 7 It has the form of the wall pressure generated by a interface. In any event, inhomogeneities further away than 6
two-dimensional vortex moving with velocity U, parallel to from the interface will not be effective as scatterers because
the x axis, at a distance d from the wall: the exponential factors in Eq. (34) put them out of range of

the most energetic pressure fluctuations. For h 6 Eq. (37)
can be written as follows:

(h../Uc K, (h.h/UC)
1, I 

1r,(.)1"/(4 n1Pol//U) l
40'1
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FIG. 2. Frequency dependence of the monopole intensity IQ(w)1I for the FIG. 3. Frequency dependence of the monopole intensity I(a,)1• for the
concentrated force model. on log-linear and log-log scales. Duncan model, on log-linear and log-log scales.



4P/ fho In order to obtain the most realistic model of a localizedIp(o)) _--- - dtexp j-jj--t(t)e(t), (46) wall pressure distribution p, (x.t) we have used the results of

where .direct numerical simulations of a turbulent boundary layer.
The pressure values were calculated by Robinson"8 from the

f dx results of numerical simulations of a three-dimensional. tur-
e(t) [ + 4(x - )2J (I + x2 ) bulent boundary layer over a flat plate performed and de- 0

scribed in detail by Spalart. 9 Data employed in our work
Integral (46) has been evaluated numerically and the are characterized by the following principal parameters:

square of its normalized absolute value is shown in Fig. 3. Reynolds number, based on the momentum thickness,
Very much as in the case of the concentrated force, it is Re, = 640; friction velocity u. as a fraction of the free
largest at subconvective frequencies ho /U, < 1 and decays stream velocity U0 , u./U, = 0.0484: time extent of the data
fairly rapidly for hw/U, > 1. Note, however, that the decay in wall time units, T - = Tu./v = 72; streamwise and span- 0
rate is smaller than for the case of the concentrated force. wise dimensions of the plate in wall length units,
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FIG. 4. Wall pressure contours from direct numerical simulations. Solid lines correspond to positive values and broken lines to negative value. The mean
Row is from left toright. (a) 1-6, and (b) 1 21.
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WALL PRESSURE (T=6.0 21.0 51.0)

60.0 I I I I

10.3 .- 84

1.0 1 - - - - I _ _ - - - -
1.0 10.9 20.8 30.7 40.6 5O.4 60.3 70.2 0.1 90.0

FIG. S. Contours of wall pressures for a single burst at three different times t -6, 21. and 51. The mean flow is from left to right.

L -Lu,/v=2000 and L7 =L,u,/v= 1230, respec- pressure pulse was set to zero for t -0, it gradually
tively. The wall-pressure data made available to the authors reached its maximum at t + =20, and decayed to zero at
of this paper have the form of 24 distinct datasets, each for a t ÷ = 70. These results may be considered as a realistic mod-
different time t + which is an integer multiple of At + = 3. el, which will be referred to as the numerical simulation
Each dataset gives normalized pressurep/(po U20 ) on a rec- model, of a localized wall pressure pulse in i turbulent
tangular mesh with 156 points in the streamwise x direction, boundary layer. Note, however, that the individual pressure
and 288 points in the spanwise y direction. Typical appear- pulses vary in strength and spatial extent, and the results
ance of the instantanous wall pressure at two different times obtained for the particular one chosen here are subject to
is shown in Fig. 4 (a) and (b). The wall pressure has a spotty similar variations.
character, with a number of localized high-pressure regions. Integral (37) has been computed using the above repre-
In Fig. 4, the mean flow direction is from left to right, and sentation of Po (x,t), assuming U, = 0.8 Uo, and
comparison of Fig. 4(a) with (b) reveals that the individual h + = hu,/v = 300. This last value is approximately equal
high-pressure regions move in that direction, and at the same to the boundary layer thickness 6, which for water at this
time change in strength and spatial extent. The convection Reynolds number is about I mm. For the purpose of compu-
velocity U, of high-pressure regions varies between 0.6 Uo tations the integral (37) is rewritten using wall units, as
and 0.8 Uo.

Our primary task was to identify a few pressure pulses
that could serve as useful representations of pressures asso- - ,12t2

ciated with the presence of localized, energetic events in tur- I [ ) n/ 2nh* wo ))
bulent boundary layers. We will focus our attention on one
such pulse that displayed the desired behavior. The selected
pulse initially was very weak, grew subsequently in strength, .e

and eventually decayed. Moreover, throughout its evolution
it remained isolated from other high- and low-pressure re-gions, thus preserving its identity. 

id "After the selection was made, all other pressure pulses 46o

present in the data had to be suppressed. This was achieved ld•
by specifying a point inside the high-pressure region of inter-
est and finding a contour around this point where pressure _0. __, _____, ___, ____

values had fallen to a certain specified threshold level. Once O 2, 4 L6 8 O 12 14 16 1s 20
this limit contour was reached, all the other pressure values ds
beyond it were set to zero. This procedure was incorporated
in a numerical routine and performed for each of 24 datasets.
Finally, a three-dimensional fit of discrete data obtained in
this procedure was carried out using a BS3IN routine from 161"

the IMSL package of mathematical routines, in order to get a I•*1
representation continuous in space and in time, of a single- q63n

pressure pulse. Cubic splines were used for the x and y varin- i0
ables, and a linear fit for the time t. The large number of
fitting coefficients ( = 104) precludes the manual use of data. Id

The coefficients are stored on tape and a computer program 4.•,,-I,,, -11... 1 1 1 [JIM

is used to provide a pressure value at a given spatial location, ,h/ f

04x÷ ,42000, 0,y< .41230, and given time, Ov +72. In
Fig. 5, we plot the high-pressure region obtained from this FIo. 6. Frequaecy dependence oA the monopole intensty Q(.Jl' for the
procedure at three different times. The amplitude of this numerical simulation model. on log-linear and log-log scales.
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4( u=2h2 fP wall pressure function. Therefore, the pressure pulse modelsI, (wo• 21rbh po 17dt + e"
) f.. used in our work are consistent with the experimental obser-×(f zx p(X÷, *)/pU~o •vations.

Xfdx -Px +'t , However, according to the Kraichnan-Phillips
(h +2 + X I + x2 +)Y/21 theorem20°' the instantaneous surface integral of the un-

(48) steady wall pressure under an incompressible turbulent
boundary layer is zero. This result has recently been rein-

In Fig. 6. we plot the square of the absolute value of (48), forced by the analysis of Howe 22 who showed that any local-
normalized by the multiplicative factor in front of the inte- ized hydrodynamic event will produce a nonvanishing net
gral, with frequencies o convened to nondimensional normal force on the wall only by virtue of edge effects and in
units sah/Up =oxmh t u,/Uc. As in the previous case, the the absence of such effects (an infinite plate) the net force
function is approximately constant for the subconvective will be zero. In experimental situations, the Kraichnan-

Phillips condition will be satisfied if positive wall pressure
The strength of the monopole Q(cw) is proportional to bursts are balanced by negative ones in other regions of the

the integral Jp (o), and modified by the w-dependent expres- wall, or weaker negative pressure regions covering a larger
sion in the denominator in (41). This expression can be re- wall area.
written as follows: In evaluation of the integral (37), the wall pressure

-1 + li (W) = K, h(a + lit W (49) Po (x,t) is integrated with the weight function (36) which
a ae 7 ) strongly limits contributions that wall pressures from out-

where the integral /( e) = 4R (wo)/( rr) is given by formula side the immediate vicinity of the inhomogeneity can make(40). This integral is easily computed numerically and the to the integral. Thus the presence of this weight function in

results of such integration, in the limit of interest K4 1 and (37) implies that if the positive pressure event over the in-o'~1, re athredin abl Ifora fw vlue oftheparm- homogeneity is balanced by a negative pressure event ofo,= 1, are gathered in Table I for a few values of the param- equal strength (to satisfy the Kraichnan-Phillips condition)
eter e. It is seen that the value of the integral is always muchless than l/efor E< 1/4. Therefore, for a large range of values away from the inhomogeneity, the monopole strength Q(W)of e, to good approximation will be determined primarily by the positive pressure peak.

The above argument does not apply to the case of a high,

() - ar a I ,(50) positive pressure region surrounded by a region of weaker, 0
a + 1 (r negative pressure values. Even though such events are less

and the frequency dependence of Q(W) is thesameas thatof likely to occur than localized bursts of predominantly one
the function Ip (w). sign, it may be instructive to investigate them in some detail

For all models of a localized pressure pulse considered since such an analysis may shed more light on the impor-
so far, this frequency dependence exhibits the same generic tance of the Kraichnan-Phillips theorem in the context of
features: a large, almost constant plateau in the range of sub- sound generation by localized hydrodynamic forcings. 0
convective frequencies wh IU, < 1, followed by a fairly rapid We will consider the following pressure model:
decreasefor l <wh/Uc, [(x- U- '4 x U,\ 2

The above models of pressure pulses are strictly of posi- Po (xt) =Ptg(t)5(X S 6( x + I,
tive sign. In experiments, Johansson et aL.'3 and Karangelen &/2 ) I

etaL.'4 find that conditionally averaged high-pressure events for 1X c• 11"" (51)
are indeed predominantly of one sign, either positive or neg- 6/21<

ative. Use of the negative pressure models will result in a where the pressure aimplitude PO and the function g(t) are
trivial change of sign in the previous formulas containing the the same as for thelb"v•odel (44), 6 is the boundary

layer thickness, and U, = 0.8Uo is the convection velocity.
Formula (51) describes a pressure distribution which at all

TABLE. Absolute valuesof integral (40) assfution ofe - h 101c, ,for times t has a finite spatial extent 6 and contains a strong
TABLE I.d Ase -a ls 0. 0positive central peak and two smaller, negative side minima.
o, = I and s 0.05. The constants are chosen such that the pressure integrated

tC over the wall is zero for all times t and therefore we will refer
to this model as the zero net force model. Integral (37) for

1.0 t.0 0.3609" this pressure pulse model is easily reduced to the form (47),
0.63 1.6 0.41087 with function e(t) given by
0.40 2.5 0.46036 1
0.25 4.0 0.50194 C+ 1/2 8 dx
0.16 6.3 0.55331 e(t) f [80(x - t)1 - 24(x - t)2 + l] -+

0.10 10.0 0.59123 .i- ,+.r
0.063 15.8 0.62230 (52)
0.040 25.0 0.64621 A numerical integration of (47) for this model has been0.025 40.0 0.65137
0.016 62.5 0.61236 performed and the square of its normalized absolute value,
0.010 100.0 0.52459 which is proportional to !Q(o) 1', is plotted in Fig. 7. The 6

main qualitative difference between this case and previously



where F(k, ,k,) = e - ""V/(oyo + r, ). Projection of the
vector r onto the Oxz plane is denoted by R, and the angle
between R and the x axis is denoted by a. With this notation,
the integral over k, in (54) is

I (r,k,,o) dk, expfiR( -k cosa
fK

,(5,, + VK"-kj sina)lF(k1 ,k,.), (55)

= I I where K = - k .. Using the method ofstationary phase.
0 28 4 6 8 0 t 14 16 48 0 the asymptotic form of this integral for large R is

iCT -I'• (r,k2,W) = (2 TrK /R) 1/2 exp(iKR -- ir14)

X sin aF( - K cos a,k, ). (56)

Integrating the above function over k 2 with limits
-- K <k, < + Ko, and using once again the method of sta-

tionary phase. provides the following asymptotic expression
for I > (r,w) at large r:

I > (r,w) = (21rK./r)exp(iK.r - ir/2)

X cos OF( - K. sin 0 cos 6, - Ko sin 0 sin 6),
l •os ....... . ....... . ..... l(57)

40 , 0 10 i0 where 0 and e6 are polar angles of the position vector r in thewh/Uc far field in spherical coordinates with 0 measured from the z

FIG. 7. Frequency dependence of the monopole intensity IQ(w) 12 
for the axis and 6 measured from the x axis. Thus the explicit form

zero net force model satisfying the Kraichnan-Phillips condition, on log- of the far-field acoustic pressure for large positive z, due to
linear and log-log scales. the monopole, is

considered models is observed in the low-frequency regime. P• (r,Oo9•) = - Q(w) (K/21rr)

Whereas for positive pressure pulses the monopole strength exp [ i(or + K, V I - i2 sin` 0 k)
reaches its maximum for w-0, for the current model satisfy- x -i Cos 8.
ing the Kraichnan-Phillips condition it has a maximum at a CK COS 0 + 41 -- _sin' (58)
finite value oh /U, = 1.

The monopole contribution p. (rw) to the total pres-
V. ACOUSTIC RADIATION FROM THE MONOPOLE sure p(rwa) in the coating (z < 0) is, according to Eq. (22),
SOURCE ( f1I- Yddz +,, I

It has been shown by Howe 2' that the intensity of p = ( 2J k
sound produced by scattering of the boundary layer pressure -( 2r,

fluctuations by an inhomogeneity exceeds substantially the -f 2k Ih) 07'o - r .
intensity of sound radiated directly by the boundary layer 2y, ar" + 't
flow. We may thus expect that the acoustic radiation from (59)
the monopole source will also dominate in our case. In what In spherical coordinates with the axis in the negative z
follows, we will concentrate our attention on the evaluation direction the first integral in (59) is calculated exactly as
of the far-field acoustic pressure resulting from the presence *1

of the monopole. I I< (r,) = Q() e (60)
In Eq. (21), the monopole contribution p,,, (ra) to the 4r~r - r0 I

total pressure p(r,w) for z > 0 is where ro is the location of the center of the inhomogeneity.
_ f -e& - trot- rh Therefore, as expected, we get the expression for the direct

pI (r,() ) f Or+dk• (53) monopole radiation. The second integral in (59) has the fol-

In the integral (53), when z-. co only the wave numbers lowing asymptotic form for large negative values of z:

from the radiating acoustic domain k2 + k2<A will con- e,•) = + e rl 01sin7 8O-x % + icos 0,
tribute. Using the radiation condition, for w > 0, this integral 4irl r + ro I o,;/sin2 , - - i cos O,
is written as follows: (61)

I '(rwa) = dk, dk2 exp( - ikXx - ik2x 2  where 0, is the angle measured between the negative z axis
+ k'344 and the vector (r + ro ) giving location r with respect to the

image of ro; i.e., - r, = (0,0,h). Thus the far-field acoustic
+ ixo -- k • - k • z)F(k, ,k2 ), (54) pressure in the coating due to the monopole is

3J



rQ(w) (e_.- ' f" -. __" .. boundary layer thickness, which at typical speeds U, = 104P." ( Ar -- ro( Ir + ro0  m/s and Reynolds numbers Re6 = U06/v= 10" is less than
1 amm, the typical value of e = hwu/c, for acoustic frequen- *

X 9sin- 0, - ' + i cos 0 (2 cies is of the order 1. The distance h cannot be less than the
× ) . , - C o62) radius a of the inhomogeneity. Assuming that a is no less

v s - -- C i than 0.16, the minimum value of e is about 0. 1. Thus the
Formulas (37), (40), (41). (58), and (62) constitute a maximum value of the ratio (68) is about 0.01 and we may

complete solution to the problem of the far-field acoustic conclude that, in general. for the flow of water over such a
radiation produced by scattering of the boundary layer pres- rubberlike compliant plate, the intensity of sound scattered
sures by a localized inhomogeneity in the coating. by the inhomogeneity into the fluid is at least two orders of

For certain values of the nondimensional parameters, magnitude smaller than the intensity of sound scattered into
these expressions for the far-field acoustic pressure have a the compliant medium. However, it should be noted that
simple physical interpretation. One case of interest is the often for other rubberlike materials the longitudinal-wave

-situation when K = c,/co . 1 and o,= 1, corresponding to the speed is comparable to the sound speed in water and, conse-
flow of water (co = 1500 m/s) over vulcanized rubber quently, the above conclusions will not apply to such coat-
(c, = 50 m/s according to Resnick and Halliday2" ). In this ings.
limit, sound scattered in the upper medium has dipole char-
acteristics arising from the interaction between the mono- VI. COMPARISON WITH STATISTICALLY STATIONARY
pole and its image: AND HOMOGENEOUS BOUNDARY LAYER FORCING

S , ( c_. i(%ý÷r+w,h) Localized high-pressure bursts occur in turbulentp , (r,0,Aa)) - Q() Trr/\CO ) e cos 0. boundary layers randomly in space and time, and have dif-

(63) ferent amplitudes and durations. Thus, in practical situa-
tions, boundary layer forcing must be treated statistically. In

The leading order cancelation between the monopole and its this section, we compare the scattered sound produced by
image comes about because the surface reflection coefficient statistically stationary and homogeneous boundary layeris - 1 in this limit.

In the same limit, the sound scattered in the lower medi- forcing with sound produced by a single, deterministic pres-

um is sure pulse.

The acoustic intensity averaged over the turbulence en-

P,,(r,0,,Aai) ---- Q(w) (e_. __'.I sembleis
41r klr-rol I(r,t) (p2(r,,t)1

ei'Ir+r`i sin 0, + icos 0B, Pic/
Ir+roI sin9, -icosO,) I I f f dw dw'(P(r,,w)p) (r,,w')

For small angles 0, the last equation gives monopole pic, (21r)2
radiation Xe-"''-'), 1=0,1 (69)

p-(rO,=,A) - Q•W)(GL") e, (65) where index I serves to distinguish between the upper and the
\2177/lower medium. According to (53) and (59)

whereas for directions almost tangent to the interface one lowe r mei ) A

gets from (64) dipole radiation: ( ) 0
-r ) 1(i- = G,(r,,a))G (r,,w')(Q(w)Q *(')), (70)
, Q (K,h)e cos , where G,(r,,w), 1=0,1, denote deterministic functions of r

(66) and a) that multiply Q(a,) in (53) and (59). Using formula

Note that the ratio of intensities of scattered sound in direc- (34) for Q(w), expressed in terms of the Fourier transform

tions normal to the interface is P0 (kw,) of the rigid wall pressure, the last equation becomes

(M/p c°)l1, , (67) o 2

(l/piC)lpmI2  G1, G
and for directions tangent to the interface is (0, + 1 j7 1r/a + Il (w)

( l/p c, 0 )pA2  KJ (68) Xffd2kd 2(Po kw)P•(k'.a')). (71)

Fp p If the turbulence is stationary in time and homogeneous in

In the last equation, both K and e are small and their horizontal planes parallel to the interface, then
ratio will depend on the exact values of these quantities.
However, for a typical value K=0.05 at the physical condi- (P3 (k, 3)P'(k',0'))

tions in mind, the above ratio can be controlled only by - (21r) 36(k - k')6(w - wI)S,( It - w), (72)
changing E, i.e., by adjusting the distance h of the inhomoge- where S, (k,w) is the wave-number-frequency surface pres-
neity from the interface. Assuming that h05, where 6 is the sure power spectral density. Defining the frequency spec-
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trum S, (rw) of the acoustic intensity at a point r, resulting Sd (r,)( II/a G,I(r,.w) () 12.
from the statistical forcing such that S•(•t)=2-.7Tc, (a + 7)" ,r/a + 4s (wo)

I(r, ) = dS,(,w,(73) (7
f * The main quantity of interest is t!le ratio of (77) and (74)

taking the complex conjugate of (72) and using the previous calculated at the same point r:
formulas, we get S, (r,o) 1 (a) 2

S,(r,,w ) = 2,-" o_ G, (rl,,) 2 R (w)= S,(ro) (2-,r) -'T Is(o ) (78)

pc, (a+ 1 T) i'/a + IR (w) where

Xfd2ke-"kS,(k,,). (74) Is(O) =fd2ke - -*S,(ko). (79)

.Note that for the stationary forcing the acoustic intensity at a The integral 4p (w) has already been calculated in the
point r does not depend on time. previous section for four different models of a pressure pulse.

For a deterministic pressure pulse of finite duration, we The integral Is (o) will be calculated using a phenomenolog-
introduce the sound intensity averaged over time ical representation of S,, (kwo) proposed by Chase,'

d (r,) =I io (75) S,(k,o) = (U- Uk,

where T is the duration of the pulse which started at time 1 1 - 5/2

t=0. The intensity (75) is rewritten using Parseval's equa- + (k2 +k•)+ -•2, (I0)
lity:

+ =In the above equation, the nondimensional constants are
Id (rI) = d•op(r,,w) I2  b = 0.75, C, =0.1553, and H-= 3. There is an additional*rTp'c1  factor (21r)l in (80) as compared with Chase' resulting

I o• from different definitions of Fourier transforms. Chase's
=2irTptc, (o"- 1 ) model takes into account the presence of strong pressurefluctuations in turbulent boundary layers, whose determin-
× _ w G, (r,,&o) 2 istic models were discussed in the Sec. IV. Since high-pres-

ir/a + IRt (w) sure regions are advected in the mean stream direction with
the convection velocity U1, the function S, (ko) has a

Therefore, the appropriate frequency spectrum of a deter- strong maximum in the vicinity of k, =z/U,, k2 =0. Repre-
ministic pressure pulse to be used for comparison with the sentation (80) is valid for k•,')o/co.
frequency spectrum (74) of statistical forcing is Using (80), the integral (79) can be written as follows:

Kf exp( - 2;K-' + )T
Is(wo)---.(2l)3Cp)u' dK1 dK 2  1/) / , ( - K, +K+ (81)

where K, = hk 1 , K 2 = hk 2 are the nondimensional wave expression (43) for the concentrated force model, the ampli-
numbers. The above integral has been computed numerical- tude P, was set to rd 'PD, with parameters d and PD and the
ly for h = 6 and a typical value of the ratio U,/u, = 20, with duration Tof the pulse taken from the Duncan model. In all
the results of the calculations shown in Fig. 8. The curve cases, the ratio (78) has a local maximum for Wh 1U, = 0,
peaks in the range of convective frequencies oh 1U, = 1. In followed by a gradual decrease by about 10 dB in the range
contradistinction to the case of a positive deterministic pres- 0O<wh / U, < 1. Subsequently, the curves begin to increase be-
sure pulse, it is about one order of magnitude less at fore reaching a plateau for oh / U, > 10. The exception is the
wh/1U, = 0 than its peak value at oh /1U, = 1. This feature curve for the concentrated force model, which decreases rap-
is similar to the low-frequency behavior of the zero net force idly for wh/U , > 10. Note that the range
model (51) satisfying the Kraichnan-Phillips condition. oh/U,,=o6/U,>5 (for the typical values used here, 6=1
This suggests that the low-frequency behavior of (81) may mm and U, = 10 m/s), corresponds to important acoustic
be explained by the presence of cancellation effects among frequencies f= o/(21)) >04 Hz.
positive and negative pressure pulses accounted for in the The curve for the Duncan model follows rather closely
statistical description but neglected in the strictly positive the curve for the model obtained from the direct numerical
pulse models, simulations; however, its level is consistently about 20 dB

The ratio (78) for all four models of the pressure pulse is higher. The variations in the range 10-20 dB for the intensity
plotted in Fig. 9. Expression (46) was used for the Duncan of sound produced by the individual pressure pulses are ex-
model (44) and the zero net force model (51 ). Equation pected because of variations in their strength and size. For
(48) was used for the numerical simulation model. In the instance, an increase in the linear dimensions of the pressure
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the Duncan model (dashed line), the zero net force model (dashed-dottedFIG. 8. Frequency dependence of the monopole intensity Is (o) for the sta- line), and the numerical simulation model (solid line). All curves normal-

tionary turbulent bou~adary layer model. on log-linear and log-log scales, ized by the sound intensity of the stationary turbulent boundary layer mod-

el.

culated by averaging over only the small period of time in
footprint by a factor of 3 would increase the intensity level by which a burst is active. During this time the pressure is much
close to 10 dB. Results presented in Fig. 4 indicate that higher than the pressure associated with low-level activity
pulses significantly larger than the one investigated in this preceding and following the bursting event. Since in the clas-
paper exist in the boundary layer. Therefore, it could be ex- sical statistical description (e.g., Chase' ) the averaging time
pected that the intensity levels associated with these pulses covers both bursts and the low-level activity periods, the
will be comparable or greater than for the Duncan model, result of the averaging is necessarily less than in the previous

In the range of acoustic frequencies wh /U, > 10 the in- case. In order to recover the classical estimate of radiated
tensity of radiation induced by the zero net force model (51) sound, we should increase the averaging period Tin (75) to
is about 10 dB greater than the averaged acoustic intensity the mean time between bursts. According to Karangelen et
calculated for a stationary turbulent boundary layer forcing. aL,'` the bursting events with large amplitudes (3-4 p,.)
It is, however, less by over 20 dB than the intensity estimated occur about 1 %-5% of the recording time. This implies that
for a purely positive pressure model of the advected vortex the ratio (78) plotted in Fig. 9 would be 10 to 20 dB lower if
(44) (the Duncan model). Acoustic intensity in the range of the averaging period Twere equal to the time between bursts
frequencies wh /U, <5 is substantially lower (20-40dB) for rather than the duration of a single burst. Such a change
this pressure model than for the boundary layer forcing. We would bring the results obtained by both approaches into
may conclude that enforcing the Kraichnan-Phillips condi- much closer agreement for frequencies wh 1U, > 10, indicat-
tion for the high-amplitude pressure events by surrounding ing that there is no fundamental contradiction between
positive peaks by negative pressure regions will result in de- them. However, it must be stressed that that a recorded
creased levels of radiation as compared with the case of acoustic signal would reflect the wall pressure evolution ex-
strictly positive "iressure distributions. Nevertheless, these hibiting periods of radiation with intensities substantially
decreased intensities are still larger in the range of acoustic greater than could be predicted by the statistical approach.
frequencies than the corresponding intensities induced by In the range owh /U, < 10, radiation levels generated by
the boundary layer forcing. bursts may be either lower or higher, depending on the mod-

The most striking feature of these results are consistent- el employed, than statistical estimates. However, in all cases
ly higher levels of sound generated in the range of acoustic considered, the ratio (78) has a minimum in this range im-
frequencies wh /U, > 10 by the individual pressure pulses plying a relatively lower content of the low-frequency modes
than by the boundary layer. This feature is not unexpected. in tLe radiation induced by the deterministic bursts than by
Indeed, the average sound intensity of the burst (75) is cal- the stationary turbulent boundary layer.
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TRANSIENT SCATTERING OF ELASTIC WAVES PY
DIPPING LAYERS OF ARBITRARY SHAPE.

PART 1: ANTIPLANE STRAIN MODEL
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Deparrmepin ofi echuniual Engineering, University of Southern California. Los Angeles. California 90089.1453. U.S.A.

SUMMARY

Scattering of elastic waves by two dimensional multilayered dipping sediments of arbitrary shape embedded in an elastic
half-space is investigated by using a boundary method. The displacement field is evaluated throughout the elastic media
for both steady state and transient incident SH waves. The unknown scattered field is expressed in terms of wave
functions which satisfy the equation of motion, traction-free boundary condition and appropriate radiation conditions.
The transient response is constructed from the steady state solution by using the fast Fourier transform technique.

The numerical results presented demonstrate that scattering of waves by subsurface irregularities may ciuse locally
very large amplification of surface ground motion. The motion can be affected greatly by the scattered surface waves in
the sediments. The results clearly indicate that the surface ground motion depends upon a number of parameters present
in the problem. such as frequency and the angle of incidence of the incoming wave, impedance contrast between the layers
and location of the observation point.

INTRODUCTION

Damage analysis after large earthquakes often-shows that strong ground motion can be highly localized. For
example, during the Michoacon, Mexico earthquake of 1985, great damage occurred to the structures atop
the alluvium of the Mexico City sedimentary basin while the damage to the buildings atop the base rocks at
the outskirts of the basin was considerably smaller.' If one takes into account that most of the damage
occurred in Mexico City. which is more than 350 km away from the earthquake's epicentre, the role of the site
effect in the amplification of strong ground motion appears to be of considerable importance to seismologists
and engineers. During the Lima, Peru earthquake of November 9, 1974, ground motion accelerograms
recorded at two sites with nearly the same epicentral distance display pronounced dissimilarities.' The first
site (Instituto Geofisico del Peru) in central Lima, which is located atop weakly horizontally varying
subsurface structure, eaperienced only minor shaking. The second site, atop the La Molina sediment-filled
valley, was subjected to severe shaking during the same earthquake. This phenomenon was observed during
previous earthquakes as well.2 Similarly, during the Niigata, Japan earthquake of 1964, severe damage
occurred to the buildings within Niigata city located atop the deepest part of a sedimentary basin while the
shaking at the rock sites was considerably smaller.3 From all these examples it is evident that there is a need
to explain in detail how the site effects influence the ground motion during an earthquake. In order to explore
this subject further, two models for scattering of elastic waves by subsurface irregularities are considered: An
antiplane strain model is presented in this paper and a plane strain one in the companion paper.

The site amplification phenomena have been the subject of several theoretical studies in the past."-° Field
measurements by Tucker and King' I and King and Tucker' 2 show specific resonance patterns of the ground
surface caused by the presence of sediments. Bard and Bouchon' 3 studied these resonance effects extensively
for simple alluvial valleys. Dravjnski " and Dravinski and Mossessian' 5 extended the analysis to valleys with
multiple dipping layers of arbitrary shape. Still, investigation of local amplification of ground motion is
confronted with several major difficulties. Some of these are (i) lack of data for detailed modelling and
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implementation of realistic soil properties and geometry of the actual alluvial valleys. (ii) problems associated
with large characteristic length of the sedimentary basins and (iii) experimental verification of the results.

Modelling half-space problems with irregular geometry of the scatterers requires application of various
numerical techniques. There are basically two numerical approaches: (i) approximate methods and (ii) exact
methods.

A typical representative of the approximate technique is the ray method. This method is based on 0
asymptotic techniques in approximation of the wave field."6 It has been successfully applied in many
seismological studies." .8 This technique is suitable for calculation of response at high frequencies. Recently,
Moczo et al."9 extended the ray method to include moderate frequencies as well.

The exact numerical techniques such as finite element finite difference and boundary integral equation
(BIE) methods are suitable for calculation of low frequency response. These problems are considered in the
present study.

Modelling the scattering of seismic waves by realistic subsurface irregularities using standard numerical
methods, finite elements and finite differences appears to be ineffective for geophysical problems. The
required discretization of the entire solution domain of the model leads to a vast computational grid for
problems with large characteristic length." In addition, finite element and finite difference methods do not
completely satisfy the radiation condition at infinity.21

Boundary integral equation (BIE) methods formulate the problem in terms of boundary values and
possibly internal sources.12" 2' In this approach, the radiation condition at infinity is satisfied exactly.
Discretization may be applied to the boundary of the scatterers only. This reduces greatly the number of
unknown variables in the discretization procedure. Still, use of the BIE methods may require an unacceptable
amount of computation because these methods require evaluation of the corresponding Green functions.
Calculation of these functions often requires a large amount of computational effort.2" Consequently, the
BIE methods appear less efficient for transient problems with complex geometry.

In general, the BIE methods are not suitable for analysing inhomogeneous media. On the other hand, the
finite element and finite difference methods are very versatile in handling a medium with varying material
properties.20 This prompted development of the so-called hybrid methods. Hybrid methods combine, say,
finite elements with the BIE methods. They are good alternatives for reducing the shortcomings of both of
these methods. The advantage of such an approach is that it utilizes the versatility of the finite element
method for detailed modelling of the near field and the effectiveness of the BIE methods in the far field.21 Still.
these hybrid techniques require evaluation of the Green functions. In order to avoid the use of the Green
functions, Shah et aL2s proposed another hybrid method which combines the finite element method with the
wave expansion technique. The interior region is modelled by the finite elements and the wave function
expansion is used in the exterior unbounded medium.

Most of the papers cited so far dealt with steady state problems. For solution of transient problems using
the exact methods there are basically two formulations: (i) direct methods and (ii) indirect methods.

In direct methods, the solution to scattering problems is formulated as a function of space and time. The
main difficulty with these methods has been the accumulation of errors with increase of time.26 Smith2" used
the finite element approach and Boore et al.5 used the finite difference technique to solve the antiplane strain
problem directly in- the time domain.

For indirec: methods, the transient response is obtained from the steady state solution through use of the
Fourier or the Laplace transforms. Niwa et al. 2 used the Fourier transform technique and the BIE approach
for calculation of transient response for completely embedded irregularities subjected to incident P and SV
waves. Bard and Bouchong" 9. '3 used the Fourier transform technique to extend the Aki-Larner method to
transient analysis of alluvial valleys for antiplane and plane strain models. Still, at the present time the
transient solutions for scattering of elastic waves by general three dimensional irregularities have not been
fully developed. The main reason for this is the prohibitive amount of computation required for solving the
problems of interest in strong ground motion seismology and earthquake engineering. Thus, it is necessary to
develop a method which would reduce the required computational effort. •

For that reason, another type of the boundary method is investigated in the present paper. The method
utilizes the wave function expansion technique. This approach originates in the works of Herrera and

a1
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Sabina" and Herrera.2" The method has the advantage of not requiring evaluation of the Green functions.
These wave functions in general do not satisfy the traction-free boundary conditions on the surface of the
half-space and therefore the boundary conditions must be imposed locally. Sanchez-Sesma et al.3 0 3" and
Moeen-Vazirill used this approach to solve the scattering of SH. P, SV and Rayleigh waves for two
dimensional problems. Dravinski et al.33 used a similar wave expansion technique to study the response of an
alluvial valley subjected to an incident plane harmonic SH wave.

The purpose of the present study is first to extend this approach to problems involving diffraction of plane
SH waves by multiple dipping layers of arbitrary shape embedded within an elastic half-space and to
transient results. In the companion paper34 the antiplane strain model is generalized to the plane strain one
to include incident P, SV and Rayleigh waves.

STATEMENT OF THE PROBLEM

The geometry of the problem is depicted by Figure 1. The problem model consists of an elastic half-space
with a finite number of elastic dipping layers of arbitrary shape. The layer interfaces are considered to be
smooth, with no sharp comers. Throughout the paper the following conventions are understood. Subscript j
corresponds to either layer domains Dj (i = 0, 1, .... R) or to the interfaces C, (j = 1, . . , R). Domain Do
denotes the half-space layer while C, denotes the interface between the half-space and the first layer, etc.
Summation over repeated indices is understood. Underlined indices indicate that the summation is being
suppressed. Material of the media is assumed to be linearly elastic, homogeneous and isotropic. The half-
space is subjected to an incident plane SH wave. Therefore, the two dimensional antiplane strain model is
considered in this paper.

For each domain of this model the steady state equation of motion reduces to a single scalar wave
equation

35

(v 1-+k)WJ(X f)=O, jfo,I,...,R (1)

V2 - 62/X 2 + m/8y 2, x .(Y, Y)
where wj is the only non-zero component of the displacement field of thejth layer acting along the z-axis, x is
a position vector, w is the circular frequency and kj denotes the shear wavenumber. The stress field is specified
by

= ff , #Ow/1x (2a)

4,,.i =p 1w/ay, i = 0, 1... . R (2b)

where A, is the shear modulus of the jth layer. The stress-free boundary conditions along the surface of the
half-space can be written as

.,(xa)=0, y = 0 (3a)

Perfect bonding along the layer interfaces requires continuity of displacement and traction-fields according
to

w.- I(x, W) - wT (x, W) (3b)
,U_ law*-_,(XC•)lan . A•aW-(X C•)lan xecJ, j-,,,t.....R (3c)

where juJaw Ian is a v.. component of the stress tensor and nj is the outward unit normal on interface Cj.
The + ind-- supercripts denote that the interface is being approached from the outside and the inside,
respectively (see Figure 1).

The incident SH wave is assumed to be of the form

-*e - exp { - i(koxsin 00 - k0ycos0 0 - wat)} (4)

where Oo is the angle of incidence. This completes the statement of the problem. The steady state solution of
the problem is considered nexL
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STEADY STATE SOLUTION

As the incident wave strikes the interface C1 , it is partially reflected back into the half-space Do and partially
transmitted into layer D1 . This process continues from one layer to another as the waves propagate *
!hroughout the layere media. Consequently, the wave field in the half-space consists of the free field and the
scattered field, while the wave field inside each dipping layer consists of the scattered wave fil only. The
displacement field can be written in the following foru:

w uWo " wn •, x eD o (5a)

sIt

W , xeD1, j = ,.....R (S"o) *
where the superscripts s and iffdenote the scattered and the free field, respectively. The scattered wave field in
this model can be expressed as a linear combination of the wave functions

wo= a2z,.H (z•(kor) cos (2toO)
+ az,~,.,H•(kor)Sin(2m +lI), xeDo (6a)

-•= b2~,H~(•k~r) cos (2toO)

+ c .HR (kr)cos(2n,)

+bq.1 H t(k~r)sin(2m + 1)6

- g- d1. PrJo,. renm I)s m

xe•DR, ,u= 0,I,2, .... ,M (6c:)where raand i are the polar coordinates defined in Figure I a y b, c and dare unknown coecients M is theorder of approximation. H Cnq and t warres d te to Hankel functions of the first and second kind,

scteeied hltewviedisdec ipn layer c t s of t atedave feld only. Themmmlsmm
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respectively, and J1 denotes a Bessel function of the first kind. 6 As indicated earlier, summation over
repeated indices is understood. The wave functions in equations (6a-c) are solutions of the equation of
motion [equation (1)] and they satisfy the Sommerfeld radiation condition at infinity as well as the traction-
free boundary condition along the surface of the half-space. It is interesting to observe that the scattered wave
field within the half-space is chosen to consist of the outgoing waves only, while the waves within the dipping
layers D, - DR - , incorporate both the incoming and outgoing waves. The scattered wave field within the
innermost layer DR consists of the standing waves only.

At this point more about the nature of the wave functions used to formulate the scattered waves should be
stated. These functions belong to a class of functions known as the c-complete functions. The theory of these
functions has been developed by Herrera and Sabina 28 and Herrera29 using algebraic theory. The concept of
c-completeness allows constructing systems of solutions which are complete with respect to general
boundary values independently of the specific region of consideration.3 1 Sanchez-Sesma et at3 0 used this
approach to study diffraction of plane SH waves by subsurface irregularities. Existence and uniqueness of the
c-complete functions for other models is still the subject of ongoing research in algebraic theory. Detailed
analysis of these theories is beyond the scope of this paper. For further study of this subject the reader is
referred to Herrera. 9

Once the scattered wave field is expressed as a series of the wave functions, it is necessary to determine the
unknown expansion coefficients in these series. Substitution of the scattered wave field [equations (6a-c)]
into the total displacement field [equations (5a, b)] and then into the continuity conditions [equations
(3b, c)] at Nj points along the layer interfaces Cj leads to a system of linear equations of the form

Gc' = f (7)

where vector c contains the unknown expansion coefficients, vector f corresponds to the free field displace-
ment and stress fields along the layer interfaces, and matrix G contains the wave functions and their normal
derivatives. The size of matrix G is (S x K), where S > K in order to solve equation (7) in the least-squares
sense.3 7 Once the expansion coefficients are known, the displacement and stress fields can be evaluated
throughout the elastic medium. This concludes the steady state analysis for the displacement field. The
corresponding transient problem is considered next.

TRANSIENT SOLUTION

To find a transient response of an elastic medium due to an incident wave signal f(x, t) this function must be
broken into corresponding simple harmonic components by means of the Fourier integral3

f(x,t)_L l/(2n) { F(x.c w)ea dw (8)

where F (x, ao) is the temporal Fourier transform of f( x, ). Function f is assumed to be a casual function. A
plane SH wave, propagating in the direction of unit vector a with phase velocity c can be described by

u'"(x, t) = u Cf[t - .-(x - x0)/c] (9)

where

DIX - xo) -(x - x0 )sin 00 - (y - Yo)COS o

Here, 00 is the angle of incidence, x0 denotes an arbitrary reference point at time t - 0 [see Figure (1)], and
90 = (0, 0, 1) is a unit vector which represents direction of motion. For plane shear waves v*-ma - 0. If the
incident wave of the form a0 exp(iw(t - x • n/c)) results in the response of the half-space o0X( x, w)exp(ialt),
it is easy to show that transient response u(x, I) of the half-space due to an arbitrary plane SH wave input
di" (x, t), specified by equation (9), is given by

G(X t) l/(2x)JU(x.c)e"'d(11)
f~o
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where

U(x.w ) = u°X(x. w)exp(ix0 n.o c)F(w) (12)

The result specified by equation (11) is exactly the inverse Fourier transform of U(x, w).
An efficient way for numerical calculaton of equation I 11) is by means of the fast Fourier transform (FFT).

There are several important parameters which are required in this technique, such as sampling time interval 0
At. cut-off frequency w, and number of samples P. The sampling time interval is determined according to
Reference 39 as At = 1/(2f..), where f,,corresponds to the maximum frequency. These parameters are
mentioned here only for the sake of completeness, since they must be specified for the numerical evaluation of
the results, which is considered next.

NUMERICAL RESULTS

Steady state response
To assess the numerical accuracy of the proposed method, a few problems with known solutions are

considered next. First, diffraction of a plane harmonic SH wave by a stack of semi-elliptical dipping layers
embedded in a half-space is investigated. For one dipping layer the results are compared with those of Wong 0
and Trifunac.6 For two and three dipping layers the results are compared with those of Dravinski. " Before
proceeding with a comparison of the results a few conventions regarding the numerical calculations are
introduced. All spatial variables are normalized with respect to the half-width of the innermost dipping layer.
The shear modulus and shear wave speed for the material of the half-space are assumed to be unity, and a
dimensionless frequency Q is introduced as the ratio of the total width of the outermost dipping layer to the
wavelength of the incident wave (Q - 2L/IAJ, see Figure 1). 0

For one dipping layer subjected to an incident plane SH wave the corresponding results are shown by
Figure 2. In this figure the amplitude and the phase of surface displacement are presented for four angles of
incidence. These results are in complete agreement with those of Wong and Trifunac.'

Surface displacement results for two and three dipping layers displayed by Figures 3-6 are in excellent
agreement with those of Dravinski." Excellent agreement between the results of Dravinski 1" and this study
is obtained for different frequencies, ratios of the principal axis and angles of incidence as well. For the sake of *
reducing the number of figures these additional comparisons are omitted in this paper.

At this point it is of interest to elaborate further about some numerical aspects of the solution. It is found
that. in solving the steady state problem for low and moderate frequencies, only a few expansion terms E M in
equations (6a-c)] and observation points E Nj, defined in the paragraph preceding equation (7)] are needed.
Evaluation of these wave functions numerically is very fast. For higher frequencies, say 0 > 2. the required
number of expansion terms and observation points needed for convergence of the displacement field *
increases substantially. This results in a more extensive computation. However, even for high frequencies the
evaluation of wave functions is still very fast. What makes the computation expensive is the inversion of
relatively large matrices in solving the least-squares problem [see equation (7)]. It was observed that the
method converges faster for deeper valleys than for the shallow ones. The following criterion has been used to
establish the convergence of the results: as the number of expansion terms and observation points increases
the results are accepted as the final ones if the difference between two successive calculations is sufficiently *
small.

Transient response
This section deals with the transient response of an alluvial valley embedded in an elastic half-space when

subjected to an incident plane SH wave. Two types of incident signal are considered- half-sine and Ricker
wavelet. The half-sine wavelet is of the form 0

f()sin (pt), 0 < t< T (3fsn( Pt) .. t<T(13)
0. t >T
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where t corresponds to time, T is the time period of the signal and p is given.
The Ricker wavelet is defined to be the same one used by Bard and Bouchon'

.f(t) 1 (,/2)(= -- O-e-. , - (x(t -t,)t,)" (14)

where t, corresponds to the peak amplitude in the time domain and t, corresponds to angular frequency
(,(- 2x/tp) which is associated with the peak amplitude in the Fourier trandsorm domain.

As a test case, a problem previously studied by Bard and Bouchon" is reconside . The input wave is
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assumed to be a vertically propagating SH Ricker wavelet, incident upon an interface defined by

I (h/2)(l + osx/D), -D<x<D <15
'*y 0, x< -Dorx>D (15)

The results of this comparison are displayed by Figure 7. Apparently, the present results are in good
agreement with those of Bard and Bouchon.•

For a semi-elliptical dipping layer subjected to an incident SH half-sine wavelet the seismograms along the
surface of the alluvial valley are shown for vertical and grazing incidences by Figures 8 and 9, respectively.
For a vertically incident wave (Figure 8), the surface displacement field consists of signals associated with
direct arrival of the incident wave and disturbances due to scattered surface waves. Three stations on the half-
space (A, B and C) indicate clearly the arrival of the undisturbed incident signal at expected times. However.
the two stations atop the valley (D and E) display a significant amplification of the incident signal (for t < 6). *
The amplification is mainly due to interkfimce of the sattered fild with the incoming incident signal (this
phenomenon can be also observed in the steady state response, as indicated by Figure 2). After the passage of
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the direct incident signal, the wave field atop of the valley consists mainly of the surface waves which are
nratdby the two edges of the valle-y. Thiese waves interact constructively (destructively) within the valley.

Particularly large amplification can be observed at the centre of the valley at station E (for t >6) After
passing each other, the surface waves strike the opposite edges of the valley, regenerating new surface waves
which partially reflect back into the valley. The initial and reflected surface waves on the half-space are dearly
shown along lines AA and BB of Figure 8. Each one of these lines tracks a particular wave as it moves kfro
one station to another.

An interesting feature in these results is the arrival of the main disturbance prior to the direct arrival of the
incident signal. This is cearly evident in the cas of grazing angle of incidence (Figure 9). For the semuogmraph
at station C the arrival time of the main disturbance is at time t - 9-3. This is quite different frnm the exected
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time t = 13, which corresponds to the-direct arrival of the incident signaL However, considering that the
wave travelling beneath the valley is scattered by the bedrock, the arrival time t - 9-3 at station C seems quite
reasonable (the minimum arrival time for the same station for a homogeneous half-space is t - 9). The arrival
of the incident signal along the surface of the half-space (indicated by a dashed line in seismograph C) can be
seen clearly at about t - 13.

For the two dipping layer model corresponding surface displacement results are depicted by Figures 10
and 11 (to reduce the number of figures only vertical and gmzing angles of incidence are considered). For a
vertically incident wave, for most of the stations away from the centre of the valley, the surface response is
basically caused by direct arrival of the incident signal, and not much of the lateral propagation of the surface
waves can be observed. However, at the centre of the valley, the scattered surface waves play a much more
important role. The amplification of scattered surface waves at the centre of the valley for a vertically incident
wavelet was also observed in the simpler one dipping layer model (Figure 8). In particular, for grazing
incidence (Figure 11), the lateral propagation of surface waves is much more significant. This is due to direct
transformation of the obliquely incident SH wave into Love waves. This effect was also observed by Bard and
Bouchon.8

For the three dipping layer model and vertical (grazing) incidence the results are shown by Figure 12
(Figure 13). Both figures demonstrate clearly generation and propagation of the surface waves as observed
along lines AA. The slopes of these fines give the average phase velocity of thene surface waves. This velocity is
about I in both cases, suggesting propagation of surface waves of the same nature, independent of the angle
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of incidence For grazing incidence (Figure 13L the scattered waves (by the bedrock) reach station G at time
t - 16 prior to the arrival of the direct incident signal which can be detected by a sudden chatge in the slope
of the sismograph at t - 23-3 (indicated by a dashed line) The minimum arrival tim for the sam stati6n for
a homogeneous half-space is t- 13A Very likely, owing to the much mor complex pattern of the
scattered waves, the arrival of the incident signal is less clearly displayed here than in the simpler
model of a one dipping layer (Figure 9ý As expected, for vertical incidence the main disurbance is basically
dub to the arrival of the direct incident signal (Figum 12).
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The geometric complexity of multilayer models precludes more detailed examination of the corresponding
transient responses. Nevertheless, the results presented offer sufficent information for reaching a basic
understanding of the scattering phenomenon by alluviums subjected to incident SH waves. Apparently,
amplification of surface ground motion is very sensitive to the presence of subsurface irregularities, the nature
of the incident wave, impedance contrast between the layers and the location of the observation station. In
addition, surface waves generated by the edges of the layer play a particularly important role in the resulting
motion atop the deeper parts of the sediments.

This concludes the transient analysis of the antiplane strain problem.
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CONCLUSIONS 0
Amplification of incident plane SH waves by two dimensional dipping layers of arbitrary shape is
investigated by using a boundary method. Both harmonic and transient incident wave fields are considered.

The steady state response for various types of valley is obtained by using a wave function expansion
technique. The continuity conditions are imposed at a number of points along the interfaces. Transient
response is constructed from the steady state solution by using the fast Fourier transform technique. The *
results presented indicate that the presence of sediments may change substantially the local amplification of
the strong ground motion. This amplification is very sensitive to the nature of incident wave, type of
subsurface irregularity and the location of the observation station at the surface of the alluvium. It is shown
that surface waves generated by the edges of the layers play a very important role in the resulting
displacement patterns atop the deeper parts of the sediments.
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TRANSIENT SCATTERING OF ELASTIC WAVES BY
DIPPING LAYERS OF ARBITRARY SHAPE.

PART 2: PLANE STRAIN MODEL

HOSSEIN ESHRAGHI AND MARUAN DRAVINSKI

Deparrmeni of Mechunwal £Enaneeruw. UmVevaty ofq fSou Ca,,(oum. Los Aemgees. Cal = YM9OO-1453. U.S.A.

SUMMARY

Scattering of elastic waves by dipping layers of arbitrary shape embedded within an elastic half-space is investigated for a
plane strain model by using a boundary method. Unknown scattered waves are expressed in the frequency domain in
terms of wave functions which satisfy the equations of motion and appropriate radiation conditions at infinity. The
steady state displacement field is evaluated throughout the elastic medium for different incident waves so that the
continuity conditions along the interfaces between the layers and the traction-ree conditions along the surface of the
half-space are satisfied in the least-squares sense. Transient response is constructed from the steady state one through the
Fourier synthesis.

The results presented show that scattering of waves by dipping layers may cause locally very large amplification of
surface ground motion. This amplification depends upon the type and freqtency of the incident wave, impedance
contrast between the layers, component of displacement which is being observd, location of the observation station and
the geometry of the subsurface irregularity. These results are in apeen-rna with recent experimental observations.

INTRODUCTION
This paper is an extension of the study by Eshraghi and DravinskiI in which scattering of plane SH waves by
dipping layers of arbitrary shape was considered. The present paper extends the analysis to the plane strain
model of the problem. A detailed literature review of the problem can be found in the companion paper by
Eshraghi and Dravinskil and it will not be repeated here.

As discussed in the paper dealing with the antiplane strain model calculation of strong ground motion
due to subsurface irregularities may require a great amount of computation time. Consequently, this paper
considers a method which appears to be computationally very effective in comparison to the standard
numerical techniques such as finite elements and finite difference. In this method, the unknown scattered
wave field is expressed in terms of the wave functions which satisfy the equations of motion and appropriate
radiation conditions at infinity. However, these functions do not satisfy the stress-free boundary conditions
along the surface of the half-space. This idea originates in works of Herrera and Sabina' and Herrera' and it
has been successfully applied to problems of scattering of elastic waves by Sanchez-Sesma et al."' and
Dravinski et at.'

STATEMENT OF THE PROBLEM

The geometry of the problem is depicted by Figure I of the paper by Eshraghi and Dravinski'. The problem
model consists of an elastic half-space with a finite number of elastic dipping layers of arbitrary shape. The
layer interfaces are considered to be smooth, with no sharp corners. The conventions are the same as in the
paper dealing with the antiplane strain model.I Subscript j corresponds to either layer domains Dj (j -0.
1 ... R) or to the interfaces Cj (j - 1, ... , R). Domain Do denotes the half-space layer while C, denotes
the interface between the half-space and the first layer. etc. Summation over repeated indices is understood.
Underlined indices indicate that the summation is being suppressed. The material of the media is assumed to

0098-8847/89/030417-1 8M09.0 Received 29 April 1988
C 1989 by John Wiley & Sons. Ltd. Rerised 16 August 1988
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linearly elastic, homogeneous and isotropic. The half-space is subjected to an incident P. SV or Rayleigh
ive. In this model the displacement field u - (u~v,0) is related to the displacement potentials according to7 "

Gj = Voj+ V x (OO,,*), j O 1 0.1.. .. R (1)

here 0s and *j are P and SV wave potentials of the j th layer, respectively. The steady state equations of
otion are specified by

(V2 +k"T)j(x.w)=0, x-(xy)eD,. j-0, 1,.. e (2b) 0
ere, hj and k, denote the dilatational and equivoluminal wavenumbers. respectively, of the jth layer. The
)undary conditions on the surface of the half-space are given by

U=,s(x, WJ) = 0, Y = 0 (3a)

a,,,(x, w) - 0, y-0, xeD,, j-0,1 .. R (3b)

Dntinuity conditions along the layer interfaces are assumed to be

U (x, 0)) - u- (x, (0) (4a)

vj 1- I (x- w) - vi- (x, W) (4b)

a;.- I_(x, o) - u- 1 (x, oJ) (4c)
a,.*,-I(x, () =- f;,s(x, 0,), x 6cj, = . , 1. , .... R (4d)

here u1 and vs are components of the displacement vector field along the x andy directions, r.es vely, and
• and v~j are the components of the stress tensor along interface C, with unit normal ,1 and tangent vector

respectively. Incident P and SV waves are assumed to be of the form

' - A exp {i(ho x sin 0o -hoycos o0c- w)} (5a)

- Bexp {-i(ko x sin 0 - ko y cos 00 - wt)} (Sb)

here 4 and *i are P and SV wave potentials. respectively. It is customary to distinguish the angle of
cidence for a P wave from that of SH and SV waves. Therefore. 0,D a i corresponds to incident P waves
hile 00 - j corresponds to incident SV waves. The Rayleigh wave is considered to be of the form

0"- A exp (-bly)exp {-i(KoX- Wt)} (6a)

='"- B exp (- bzy) exp (- i(K x -wt)} (6b)

b,- c0(l -(C0 /a0 )2'])/ 2

b2 -,€ol -(C0 1#0)']"3
Ko = ico

erem co is the half-space Rayleigh wave velocity, Ko is the corresponding wavenumber. zo and #0 are
ngitudinal and shear velocities, and A and B are known amplitudes. This completes the statement of the
oblem. Solution of the problem is considered next.

SOLUTION OF THE PROBLEM

i the incident wave strikes the interface C,. it is partially reflected back into the half-space Do and partially
insmitted into layer D,. This process continues from one layer to another as the waves propagate
roughout the layered media. Consequently, the wavefield in the half-space consists of the free field and the
attered field, while the wave field inside each dipping layer consists of the scattered wave field only. The
iplacement field can be written in the following form:

uo u0 ++uo. xeD0 (7a)
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uj j-, xeD,, jl. R (Tb)

where u = (u, v), x - (x, y), and the superscripts s and ff denote the scattered field and the free field.
respectively.

The stress and displacement fields in polar coordinates (defined by Figure 1 of Eshraghi and Dravinski 1)

can be expressed in terms of potentials according to

u, - 601/r- I/r86//O (8a)

u0 M I /r80/6/ + 6(/8r (8b)

ap M -2' + 2pU[e 20/8r2 - 8/ar(l/r 60/10)] (8c)

cr= -V + + 2p[l/r(6/0"r + l/r 24 O/M0)

- l/r(I/r 6/0O - O2*/8r8O)) (8d)

a , {2[1/r •/89Or - 1/,2 84/80)

-.lilt ~2,•,/eao - rar(I/rB,/lr)]} (Be)

where ;. and p are the Lame constants and the subscript j is suppressed for simplification. The scattered wave
fields are assumed to be of the form

0= a,.H41'(hor) cos mO + b.H•'(hor) sin mO (9a)

* - a4H.•_(kor) cos mO + b:H')(kor) sin mO (9b)

xeD0

Oj - c.HR'(hr) cos m8 + d.H.1'."(hjr) cos ,nO

+ e*H'.Zl(h r) sin mO +f41-."(hjr) sin m8 (90)

0,j - ctH( 2)(kr) cos me + d= H•."(kjr) cos me

+ e-* H•(kjr) sin mO +f.* Hi )(kjr) sin mO (9d)
XEDJ. j==1,,2....,R-1

0-' - g.J.(hjtr) cos mO + I.J.(hRr)sin mO (9e)

*Ix - g:J.(ktr) cos mO + l J,(ksr) sin mO (9f)

xe!Di, m-0, I.2....M

where a. to 1.0 are unknown coefficients, M is the order of approximation, J. is a Bessel function, and H.'
and H•f" are Hankel functions of the first and second kind, respectively.$ All the wave functions in equations
(9a-f) are solutions of the equations of motion equations (2a.b)]. Analogously to the antiplane strain model,
the scattered wave field within the half-space consists of outgoing waves only, thus satisfying the radiation
conditions at infinity. Scattered waves within the layers D, - Di- , incorporate both incoming and outgoing
waves, while the scattered wave field within the inner most layer Dft consists of standing waves only. It can bi
seen that the wave functions for the scattered wave field in this model do not satisfy the stress-free boundary
conditions along the surface of the half-space These conditions will be imposed locally, as discussed in the
next section.

EVALUATION OF THE EXPANSION COEFFICIENTS

Once the scattered wave field is expressed as a series of the wave functions. it is necessary to determine the

unknown expansion coefficients in these series. First. the scattered wave field [equations (9a-")] is substi-

tuted into the continuity conditions [equations (4a-d)] at N, points along the layer interfaces Cj. Then. the

boundary conditions [equations (3a.b)] are imposed locally at L, points along the surface of the half-space.
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This results in a system of linear equations of the form

Gc = f (10)

where vector c contains the unknown expansion coefficients. vector f corresponds to the free field
displacement. and stress fields along the layer interfaces and matrix G contains the wave functions and their
normal derivatives. The size of matrix G is (S x K), where S > K is order to solve equation (10) in the least-
squares sense. Once expansion coefficients are known, the displacement and stress fields can be evaluated
throughout the elastic medium according to equations (8a--e). 0

This concludes the steady state analysis for the displacement field. Corresponding transient displacements
are evaluated through the Fourier synthesis analogously to the antiplane strain modeL' Numerical results
are discussed next.

NUMERICAL RESULTS

Steady state response
Response of a canyon and alluvial valleys subjected to incident plane harmonic P, SV and Rayleigh waves

is discussed in this section. As in the case of the antiplane strain model,1 the shear wave velocity and the shear
modulus of the half-space are chosen to be equal to unity, and Poisson's ratio for all the materials is taken to
be 1/3. Spatial variables are normalized with respect to the half-width of the innermost dipping layer. The
dimensionless frequency 0 is defined as the ratio of the total width of the outer most dipping layer to the
wavelength of the half-space shear wave.

First, for testing purposes, surface displacement field results are compared with the one obtained in some
earlier studies. For a canyon, the results by Wong,' Dravinski and Mossessian' and Mosssuian and
Dravinski" I are used to test the accuracy of the present method. Thes studies are reerred to a papers L 11,
and M. respectively. For one and two dipping layer models only studies II and III are applicable for the
comparison. It should be pointed out that, although the results of study 1I are evaluated for small
attenuation. they are still suitable for testing purposes. Present results include also the phase of the surface
displacement field which has not been considered in the previous investigations.

For a semicircular canyon subjected to incident P waves the surface displacement fields are depicted by
Figures 1 and 2. It is evident from these figures that the present results aremin complete agreement with those
obtained previously by other methods.

For a semicircular dipping layer and incident SV wave corresponding results are shown by Figures 3 and
4, and for an incident Rayleigh wave by Figure 5. These results are in excellent agreement with the ones
obtained in studies 1I and II. The small difference from the results of study II could be attributed to the
weakly anelastic nature of the material used in that investigation. Excellent agreement between the results
obtained by the present method and the results of studies II and ITI is obtained for incident P and Rayleigh
waves for a range of different parameters (frequency, angle of incidence. etc.) as well, but the latter are omitted
here for the sake of reducing the number of figures.

The two dipping layer model is constructed by adding one layer to the one dipping layer model. This
produces a more gradual transition from the stiff half-space to the soft top layer. Results pertinent to this
model are depicted by Figure 6 for a vertically incident P wave. These results are in excellent agreement with
those of papers 1I and IHI.

At this point it is of interest to elaborate further some numerical aspects of the solution. The wave
functions used in this study are similar to the ones used in the antiplane strain modeL. However, these wave 0
functions do not satisfy the stress-free surface boundary conditions. These conditions must be imposed
locally at several points placed uniformly along the surface of the half-space on both sides of the irregularity.
In particular, if the maximum width of the irregularity is denoted by 2L. then these additional points are
located within the interval - 3L < x < 3L. Similarly to the antiplane strain model, more observation points
[N, and L,, defined in the paragraph prior to equation (10)] and higher order of expansion [M. see equations
(9a-,)] are required at higher frequencies in this model as well. The convergence of the results has been
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tablished by observing the stability of the displacement field as the number of expansion terms and
iservation points increases. The numerical results are acmpted as the final ones if the difference between
ro successive calculations is judged to be suffiently smalL
Overall the numerical results indicate that the proposed method provides an accurate displacement field
r a wide range of parameters present in the problem and that the solution exhibits very fast convergence

ransient response0
Transient surface reponse to an incident P or SV Ricker wavelet is investigated next. For definition of the
icker wavelet used in this study the reader is referred to the paper by Eshraghi and Dravinski.
First, for testing purposes. the predominant component of the displacement field for a cosi type valley is
aluated for a vertically incident P wave. This problem has been investigated earlier by Bard and
)uchon. 1 The results are shown by Figure 7. Very -od agreement between the two methods can be
iserved for all four stations at the surface of the halfslpace After this verification of the algorithm for the
aluation of transient response, several additional transient problems are considered as follows.
For a semicircular canyon and vertically incident SV wave the rmults are presented by Figures 8 and 9. As
:pected, the predominant motion of the valley takes place in the horizontal direction (Figure 8) This

A __2 _ 0-2j ' 20 "

-2

I - t

-2 0 W0

0 21 A Vr jWj ;A:~& Vo,o,

11

pUte 7. Venial compowiun o( displammet for trp .met swarm apm= of a oine typ valley to & venkially itldt P Ricker
kviuvtnh chanciermsc penodt, -.3.556 it. - 3-586). Stasuo A tio D ican Iat ,x -- I- 072..-0244 ad 0. jg -"1. Pe" -.

S1-731 (oMly for this figurek. =- 0.02424. 0, a 02. z, 0.4. P - 25& At , 02. w, - "-697. Solid line cor'spond to this method
while dou corrupond to the rmults of Fipre 13 o( Bad and Bouchon&
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component of motion consists of both incident and scattered waves, while the vertical or non-predominant
component of the displacement field (Figure 9) consists of the scattered waves only. In Figure 9 line AA
tracks a particular wave as it moves from station B to station A. The slope of line AA in Figure 9 gives the
phase velocity of the propagating surface waves slightly less than one, suggesting that these waves are
Rayleigh waves which originate at the edge of the canyon and are travelling along the soil surface. The
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seismograph at the centre of the canyon shows no vertical disturbance because of the symmetry of the model
The appearance of the direct inuident signal at expected times at each station for the predominant component
of the displacement field provides further confidence in the accuracy of the results (Figure 8). It is interesting
to observe a delay in wave arrival for the vertical (non-predominant) displacement component (Figure 9) in
comparison to the arrival time of the horizontal displacement component (Figure 8): the scattered field for
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vertical motion consists mainly of the surface waves generated at the edges of the canyon, therefore, an extra
time for their arrival at an observation station must be taken into account.

For the one layer model. the seismographs displayed by Figures 10 to 13 show propagation patterns of the
displacement field for various stations atop of the alluvial valley. Figures 10 and 11 correspond to a vertically
incident P wave. The predominant motion takes place in the vertical diection. In that direction. the response
consists of both incident and scattered wave fields, as indicated by Figure 11. Large amplification of the
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response at the centre of the valley is evident. Figure 10 shows the horizontal component of the scattered
field. Again, the amplification of surface motion inside the valley is significant. Generation and propagation
of the surface waves at each edge of the valley am dearly displayed on thes figures: thus. the positive slope of
line AA in Figure 10 shows propagation of disturbances in the half-space away from the valley edge, while the
negative slope of line B3 indicates wave propagation within the sedimenus toward the centre of the valley.
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Therefore, the edges can be viewed as sources of these surface waves. Similar results are obtained for the
incident SV wave displayed by Figures 12 and 13. As in the case of the incident P wave large amplification of
the surface displacement field is observed within the sediments. The predominant motion takes place in the
horizontal direction, as shown by Figure 12. Figure 13 displays the vertical component of the displacement
field for the same model It is interesting to observe large ground motion amplification for the vertical
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displacement component at about midpoint between the centre and the edge of the sediment (station D in

Figure 13). For the same station and displacement component this phenomenon c be observed in the

corresponding frequency spectra (see Figure 3). Analogous observations can be made for the horizontal
displacement component. Figure 12 indicates very clearly that the maximum amplification of the surface

ground motion for that component of displacement field occurs at the centre of the sediment. The

corresponding frequency spectra (see Figure 3) confirm this result. Similar observations can be made for
other incident waves as well However. these are omitted in order to reduce the number of figures.
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For the two layer model and a vertically incident P wave the vertical and horizontal components of the
splacement field are presented by Figures 14 and 15, respec•ively. The predominant motion of the valley
igure 14) consists of both incident and scattered waves. Amplification of the incident signal is evident for
e stations inside the valley. Lines AA and BB track two distinct surface waves as they move atop the half-
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spae away from the valley. Amplification of the surface waves inside the valley sUlggests that most of the
energy associated with the scattered field is trapped inside the valley. The propegation pattern of surface
waves within the valley is complicaed by multiple eneration and reflections of surface waves by the edges of
the valley. Therefore, it is difficult to track prticular waves individually. For the horizontal component of the
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lacement field (Figure 15) amplification of the scattered waves for stations inside the valley follows a
ern similar to that observed in the corresponding steady state model Isee Figure 61. Lines CC and DD
k two surface waves as they move atop the half-space away from the valley. The slopes and points of
rsections with the time axis for lines CC and DD are similar to the ones for lines AA and BB in Figure 14.
thermore. the pattern of the local surface waves tracked by lines AA and CC (BB and DD) in Figures 14
15 suggests that these waves are actually two displacement components of the same local surface waves.
milar observation can be made for other incident waves.
omparison of strong ground motion amplification for a canyon with one and two dipping layers suggests
the presence of sediment may result in very large amplification of the surface displacement field. These
parisons demonstrate the importance of the sedimentary deposits in local amplification of the ground
ion. Failure to include sediments in the analysis of localized amplification may result in significant
crestimation of the resulting strong ground motion. The presented results clearly illustrate the import-
of these phenomena.

iparison with observed earthquake motions

ecently. King and Tucker"3 measured the variation of earthquake motion across a sediment-filled valley.
velocity of the ground motion was measured along two sections of the valley and at two adjacent rock
ý. The results of the measurements show that response to earthquake motion of a site depends strongly
n frequency and position of the site within the valley and weakly upon the input signal's azimuth and
e of incidence. Ratios of the Fourier spectra from soil to spectra from nearby rock sites showed sediment
amplification of up to a factor of ten. A clear difference could be observed between the spectra for
Tent components of the displacement field at the sediment sites. Finally, a larger variation of ground
ion was observed over sections of the sediment profile which span larger changes in sediment thickness
I over the profiles that span sediments of approximately equal thickness. Apparently, with the exception
ke angle of incidence. all the conclusions of the experimental observations are verified by this theoretical
stigation. The discrepancy in angle of incidence may be explained if one considers the response of an
vial basin from the resonance point of view."' That would require evaluation of ground motion for an
mruble of incident signals of different periods and then use of the peak surface ground motion for
parison with the experiments. Still, the agreement in general features of the response between the
iretical and experimental investigations for the range of frequencies studied here is very convincing and
ific sedimentary basins have to be investigated on a case by case basis. It should be pointed out that the
ulations for different impedance contrasts between the dipping layers are not presented here in order to
ice the number of figures.

CONCLUSIONS

plification of incident plane P. SV and Rayleigh waves by two dimensional dipping layers of arbitrary
)e is investigated by using a boundary method. Both harmonic and transient incident wave fields are
6idered.
he results presented indicate that the presence of sediments may change substantially local amplification
ic strong ground motion. This amplification is very sensitive to the type and frequency of the incident
e. angle of incidence, nature of subsurface irregularity, impedance contrast between the layers. compo-
ý of displacement field being observed and the location of the observation station at the surface of the
vium. It is shown that surface waves generated by the edges of the layers play a very important role in the
Iting displacement patterns atop the deeper parts of the sediments.
he results of this study and the antiplane strain studyI show that failure to take into account the presence
absurface irregularities may greatly underestimate the resulting strong ground motion in a theoretical
lelling of sedimentary basins.
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-ATTERING OF PLANE HARMONIC SH, SV, P AND RAYLEIGH
WAVES BY NON-AXISYMMETRIC THREE-DIMENSIONAL
CANYONS: A WAVE FUNCTION EXPANSION APPROACH

HOSSEIN ESHRAGHI AND MARUAN DRAVINSKI
Department of Mechanical Engneerng. Uniersuy of Sowhern California, Los Angeles. Ca1hforma 90089-1453. U.S.A.

SUMMARY
tering of elastic waves by thre-dimensional canyons embedded within an elastic half-space is investigated by using a
e functon expansion technique. The geometry of the canyon is assumed to be non-auisymmetric. The canyon is
ected to incident plane Rayleigh waves and oblique incident SH, SV and P waves, The unknown scattered wavefihld is

ssed in terms of spherical wave functions which satisfy the equations of motion and radiation conditions at infinity.
they do not satisfy stress-free boundary conditions at the half-space surface. The boundary conditions are imposed
Ily in the least-squares sense at several points on the surface of the canyon and the half-space.
brough a comparative study the validity and limitations of two-dimensional approximations (antiplane strain and
e strain models) have been examined. It is shown that scattering of waves by three-dimensional canyons may cause
,tanual change in the surface displacement patterns in comparison to the two-dimensional models. These results
hasize the need for three-dimensional modelling of realistic problems of interest in strong ground motion seismology
earthquake engineering.

INTRODUCTION

ecent years, the importance of the site effects in the local amplification of strong ground motion has been
I established.' This led a number of researchers to study more realistic problems of ground motion
Alification by surface and subsurface irregularities.2 The complexity of such problems precludes the use of
ed form analytical solutions. However, recent advances in computational techniques make numerical
roaches more feasible for realistic problems of interest in strong ground motion seismology and
hquake engineering. Boundary integral equations (BIE) are one of those approaches. This technique
aulates the problem in terms of boundary values and possibly internal sources. 3 Solution at interior points
s not need to be considered in order to solve the integral equations. The main advantage of the BIE
hods is that the discretization is applied only to the boundaries of the scatterers, thus reducing the number
ie unknown variables significantly in comparison to the finite element and finite difference techniques." 5
ie BIE techniques the radiation conditions at infinity are satisfied exactly. The main drawback in the BIE

bods is the requirement for evaluation of the Green's functions, which often requires a large amount of
iputational effort.2 For that reason, another approach in solving the problems of scattering of waves by
r surface irregularities appears to be more effective. The method utilizes the wave function expansion
roach which does not require evaluation of the Green's functions in the course of solving the problem.
se wave functions satisfy the equations of motion and radiation conditions at infinity. However, in general
F do not satisfy traction-free boundary conditions on the surface of the half-space which must be imposed
LIly. These functions can be used to express the scattered fields in complex diffraction problems. Sanchez-
na et al.6 used this approach to study scattering of harmonic P, SV and Rayleigh waves by two-
ensional irregularities. Eshraghi and Dravinski'. extended this technique to transient problems in the
tilayer two-dimensional irregularities for incident SH, SV, P and Rayleigh waves. For three-dimensional
blems. except for axisymmetric geometries. the application of this technique has been very limited.

8-8847/89/070983-10608.00 Received 17 November 1988
1989 by John Wiley & Sons. Ltd. Revised 7 March 1989
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Sanchez-Sesma 9 used the wave function expansion technique to construct the scattered fields for axisym-
metric scatterers and vertically incident P waves. Using a wave function approach, Lee'° solved similar
problems for hemispherical alluvial valleys for incident plane harmonic SH. P and SV waves. Day' I used the
finite element method to study scattering of elastic waves by axisymmetric sedimentary basins. Apsel'2
considered the BIE technique ior studying soil-structure interaction for axisymmetric scatterers. Avanessian er
al. 3 considered the steady state soil-structui' interaction. The finite element technique was used to model the
structure and some portion of the surrovtý:hng soil medium. Beyond the finite element mesh, expansion in
terms of the spherical wave functions was employed. This study is limited to axisymmetric scatterers and
incident P waves. For an additional review of the literature on scattering of elastic waves by near surface
irregularities the reader is referred to recent papers by the present authors. 7 '8

Since irregularities of practical interest are of arbitrary shape, a general non-axisymmetric model is
considered in the present paper. The wave function expansion technique is used to express the unknown
scattered wave field for such irregularities subjected to obliquely incident SH, SV, P and Rayleigh waves.

STATEMENT OF THE PROBLEM

The geometry of the problem is depicted by Figure 1. The problem consists of a canyon embedded in an elastic
half-space. The surface of the canyon is considered to be smooth, without sharp corners, Throughout the
paper Co denotes the half-space surface, C, denotes the surface of the canyon and D corresponds to the
domain of the half-space. The medium ts assumed to be linearly elastic. homogeneous and isotropic. The half-
space is subjected to an incident plane harmonic SH, SV, P or Rayleigh wave.

In the absence of body forces, the steady state equation of motion in three-dimensional media is defined in
vector form by

MV2u + (,t+p)V-u + ou-0, xaD (1) 0

Sc 0 0

00

n ir r

Y0

Slowness ,Y
vect~or of •0
i.nci.dent: Rovss
wave plane Der

Figure I. Problem model
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x and u are position and displacement vectors, respectively, ). and M are the Lame constants and w
es the circular frequency. A system of unit bases {e,, eo, e,} is defined for spherical coordinates (r. 9, 0)
ding to Figure 1. For the same coordinate system, the displacement vector x can be expressed in terms of
displacement components u., 1s and u,. Using Helmholtz decomposition the displacement field a can be
n as

u = VO + 7(r') x e,. + IV x V x (rze,) (2)

0, IF and x are the three displacement wave potentials and I is a scalar factor to give the potentials the
dimension. Substitution of equation (2) into (1) decomposes the equation of motion in terms of the three
tials according to

(V2 + h2 )0(x, Wo) - 0 (3a)
(V2 + k2)41(x.(o)- 0 (3b)

(V2 + k2)X(x, a))- 0 (3c)

V2 denotes the Laplacian in spherical coordinates and h and k are the longitudinal and shear
iumbers, respectively.
indary conditions on the surface of the half-space are given by

a,* = a = goo = 0, 0 - x/2 (:.=%0, xCo (4)

a,#. a## and a,, are components of the stress tensor. Boundary conditions on the surface of the canyon
.fined by the following equations:.

7". - 0,R,. + a,.*1 + 0,,n, 0 . xeC, (5a)

Tom- .n,- + eenes + coono 0, xeCi (5b)

T.- on, + a.n. + o.n. - 0, xeC1  (5c)

T,, T, and T, are the components of the traction vector along the bases e,, e# and et, respectively, and n,,
I n, correspond to the components of the unit vector normal to the canyon surface C1 . For the slowness
r in the xz-plane expressions for the components of displacement field and stress tensor can be found in
erature. j
incident field consists of Rayleigh waves or oblique incident SH, SV or P waves. For slowness vectors

i the xz-plane. expressions describing these incident fields can be found in recent papers by the present
rs.6" I For slowness vectors located outside the xz-plane, the corresponding incident field is obtained
gh rotation about the z-axis.

SOLUTION OF THE PROBLEM

incident wave strikes the surface of the canyon C,, it is scattered back into the half-space. Therefore, the
ield in the half-space consists of the free field and the scattered wavefield. The displacement field can be
n in the following form:

u - u" + u', xeD (6)

superscripts s and If denote the scattered and free field. respectively. The scattered wavefield can be
used as a linear combination of the wave functions

0'- c,* h( 2 (hr)P:' (cos 8) cos mo + s*. h('2) (hr)P. (cos 8) sin mO (7a)

m-=0. I ..... M.n=O. I ..... N.M 4N

T c ,h.(kr)JP70 (cos9) cosmt + s•.h'.`(kr) PT (cos 0) sin mo$ (7b)
mm ,2. . .... M. n-,1. 2.. ... N. M 4 N
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z ch1 21 (kr) Pm (cos 8) cos mO + s+,,. hl." (kr) P. (cos 0) sin m,$ (7c)
m= - , _2 M. .Mn- 1,• 2, . N. M 4N

where c. and s. are unknown coefficients. N and M are the orders of expansions. hl ((r) are spherical
Hankel functions of the second kind and P'.(cos 9) are associate Legendre polynomials."5 Summation over
repeated indices m and n is understood. The wave functions in equations (7) are solutions of the equation of
motion consisting of outgoing waves. Therefore, these functions satisfy the radiation condition at infinity,
however, they do not satisfy the stress-free boundary conditions along the surface of the half-space. These
conditions must be imposed locally.

Once the scattered wavefield is expressed as a double series of the wave functions, it is necessary to
determine the unknown expansion coefficients. Substitution of the scattered wavefield into the boundary
conditions on the surface of the canyon [equations 5(a-c)] at L, collocation points, and into the boundary
conditions on the surface of the half-space [equation (4)] at Lo collocation points, results in a system of linear
equation of the form

Gc - f (8)

where vector c contains the unknown expansion coefficients, vector f corresponds to the free-field stresses on
the boundaries Co and C,, and matrix G contains the wave functions and their derivatives. The size of matrix
G is (L x K), where L > K in order to solve equation (8) in the least-squares sense. Once the expansion
coefficients are found, the displacement and stress fields can be evaluated throughout the elastic medium.

NUMERICAL RESULTS

Geomey of the canyon 0
The response of a non-axisymmetric canyon subjected to incident plane harmonic SH, SV, P and Rayleigh

waves is discussed in this section. The canyon is in the form of a semi-ellipsoid defined by
Cl:x'laf + y~la :-'la2 - 1, >0(9)

where a1 , a2 and a 3 are the principal axes of the ellipsoid along the Cartesian coordinates x, y and z,
respectively. Results are presented for spherical canyons (a - a2 =- a3 ) and prolates (a, 0 a2 - a3 ). A 0
spherical canyon is considered in order to test the method with the available results in the literature and also
for comparison with nor.-axisymmetric models. The prolate type of canyon is chosen since it possess non-
axisymmetric features of a general three-dimensional model and facilitates comparison with existing two-
dimensional models. This serves also as an additional test of the numerical results. Namely, by assigning
sufficiently large values to one of the principal axes of the prolate (in the direction normal to the vertical plane
containing the slowness vector of an incident wave), it is possible to make a systematic comparison with
available solutions in the literature for cylindrical canyons."7 More about that will be discussed later in this
section.

Conventions
The slowness vector of the incident wave (referred to hereafter as the slowness vector) is specified by two

angles, the azimuthal angle of incidence, 4o, and the off-vertical angle of incidence, 80 (Figure I). A slowness 0
plane is defined as a vertical plane which contains the slowness vector. The out-of-plane direction is referred to
as the direction normal to the slowness plane. The in-plane motion is defined as a motion which takes place in
a slowness plane.

The following dimensionless variables are introduced. The density p and shear wave velocity P for the half-
space material are assumed to be equal to unity and, unless stated differently, the longitudinal wave velocity2
is taken to be two. All of the distances are normalized with respect to the half-width of the canyon along the y- 0
axis (a,). In addition to the actual frequency w. a dimensionless frequency 0) is introduced as the ratio of the
maximum width of a cross-section of the canyon (lying in the slowness plane passing through the centre of the
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canyon) and the wavelength of the incident shear wave. For convenience. all numerical results for the surface

displacement field are displayed in terms of the Cartesian components u, v, and w.

Testing of results
Numerical accuracy of the proposed method is first assessed through comparison with available results in

the literature. For a spherical canyon subjected to a vertical plane harmonic P wave the results are compared
with those of Sanchez-Sesma.9 Thie surface displacement field for stations along the x-auis is depicted by
Figures 2(a) and (b) for two different frequencies of incident wave. The present results are in very good
agreement with those obtained previously. In order to test the accuracy of the preset technique for non-
axisymmetric geometries and obliquely incident waves, a prolate type of canyon is considered next. The
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canyon is subjected to an incident P wave with a slowness vector in the yz-plane ( = -90"). The relatively
large width of the canyon in the out-of-plane direction (aI = 3, a2 - a3 - I) allows a comparative study of the
results with those of a similar two-dimensional (cylindrical) model Namely, the atcenuated scattered waves
from elongated edges reaching the yz-plane may not significantly affect the total scattered wavefield. Figures
3(a)-(c) correspond to the three-dimensional model while Figures 3(d)-(f) correspond to results obtained
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previously for a two-dimensional model by the present authors using a similar cylindrical wave expansion
technique. The model geometries (cut by the slowness plane to show the direction of incidence) are
illustrated at the bottom of the figure. The results of Figure 3 show that the surface displacement field for the
two models is similar for all angles of incidence. This gives further confidence into the accuracy of the present
technique in handling the non-axisymmetric models. Such similarity can be observed for incident SH. SV and
Rayleigh waves as well.

Response of a prolate canyvon
Figures 4 to 8 correspond to the displacement field for a prolate type canyon la, = 2. a. = a, - I ). Results

are presented for incident SH. P and Rayleigh waves for two azimuthal angles of incidence. In addition, three
different off-vertical angles of incidence are assumed for incident SH and P waves. Although the actual
frequency of the incident wave is the same for all these figures. the dimensionless frequency is one (normalized
relative to a,) for an azimuthal angle of incidence 0o - 180'. while it reduces to one-half for 00 - - 90°
(normalized relative to a,). In these figures the graphs on the left-hand side correspond to the displacement
field for observation stations along the x-axis and the ones on the right-hand side correspond to stations along
the y-axis. For incident SH waves the results for azimuthal angles of incidence •0 of 180° and -90° are
presented in Figures 4 and 5, respectively. For incident SH waves with slowness vectors lying in the x:-plane,
the results on the left-hand side of Figure 4 show that the motion in the x.-plane takes place in the y-direction
only (out-of-plane direction). This is due to the symmetrical features of the model and is in agreement with
what is observed in the two-dimensional approximation (antiplane strain model). However, for stations along
the y-axis [Figures 4(dHf)] all three components of the d'-,-lacement field may be present. Apparently, the
two displacement components u. w. non-existent in the two-dimensional approximation, could have
substantial amplitudes. Results for incident SH waves with slowness vectors lying in the 3.:-plane are shown in
Figure 5. It is interesting to observe how a change of the canyon width in the out-of-plane direction affects the
displacement field. It should be noted that the displacement field for stations along the x-axis (the y-axis) of
Figure 4 must be compared with the displacement field along the y-axis (the x-axis) of Figure 5. By taking into
account that the results of Figure 5 correspond to a much wider canyon in the out-of-plane direction, one see
basically no drastic change in the pattern and amplitude of the main component of the displacement field
between the results of Figures 4 and 5. This main component of displacement for incident SH waves is in the
out-of-plane direction and is specified in Figures 4 and 5 by the r- and u-components, respectively. However.
the results for the narrower (in the out-of-plane direction) canyon show much larger-amplitudes for the two
non-predominant components of displacement [Figures 4(dH6) than for the wider canyon [Figures 5(aHc)].
This is expected, because as the edges of the canyon get further apart in the out-of-plane direction, the model
approaches further and further to a cylindrical geometry (antiplane strain model), where the two non-
predominant components of displacement are non-existent. This sharp increase in amplitude of the two non-
predominant components of displacement for a model with smaller width in the out-of-plane direction is an
important characteristic of the three-dimensional models studied here.

Figures 6 and 7 correspond to incident P waves with slowness vectors lying in the xz- and yz-planes,
respectively. Similarly to the two-dimensional approximation, for observation stations along the x-axis in
Figure 6 and the y-axis in Figure 7. the displacement field consists only of two components which constitute
the in-plane motion. However, for stations along the axis in the out-of-plane direction (y in Figure 6 and x in
Figure 7) an additional SH mode conversion occurs for oblique incidences. Considering the same rule of
comparison between the incidences with azimuthal angles 00 - 1800 and 0o - - 90°, explained for the SH
case, we observe that, for incident P waves with slowness vectors lying in the xz-plane, the two in-plane
components of displacement (u and w i.; Figure 6) display characteristics similar to those of their counterparts
(v and w in Figure 7) for the incidences with slowness vectors lying in the yz-plane.

Results for incident Raylegh waves with slowness vectors lying in the xz- and yz-planes are depicted by
Figures 81a), (b) and (8(c), Id), respectively. Considering the same rule of comparison as discussed for two types
of incident SH waves with azimuthal angles of incidence 00 - 180* and 00 - -90°. one observes similar
characteristics between components of displacement for the two incident Rayleigh waves. Analogously to the
incident P waves, an additional component of displacement field in the out-of-plane direction appears for the
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stations along the y-axis in Figure 8(b) and the x-axis in Figure 8(c). These components of displacement do not
exist in the two-dimensional models.

Response comparion for the prolate. sphericaL and cylindrical canyons
The results presented so far (Figures 4 to g) demonstrate that a change in the azimuthal angle of incidence

may greatly affect the surface displacement field. This observation emphasizes the need for three-dimensional
modelling of actual surface irregularities, since two-dimensional approximations may result in a poor 0
assessment of the actual displacement field. To elaborate further upon this need for a three-dimensional
analysis and to find limitations on the application of two-dimensional models, responses for canyons in the
form oaa prolate and a sphere are compared with those of a cylindrical canyon. The prolate is considered to be
narrow in the out-of-plane direction (a, -0"5, a2 -a 3 - 1). The maximum width of these canyons in the y-
direction is the same in order to make realistic comparisons. Figures 9 and 10 correspond to a comparative
study of the displacement field response for the three different canyons to incident SH. SV waves, respectively, 0
with slowness vectors lying in the y:-plane. The results corresponding to the cylindrical model are obtained in

mnmm lll lli i IlliH• •S
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ie.irhier study h: .,e present authors"' using a cylindrical wave function expansion technique. For incident
H waves (Figure 9) only the out-of-plane component of displacement is presented to facilitate compranson
ith two.dimensional models. Similarity between the results for the sphenrcal and cylindrical models is
Dparent in Figure 9. However. the narrow canyon exhibits completely different charactenstics of the main
)mponent of the surface displacement field. Results for incident SV waves are depicted by Figure 10. Only
ic in-piane motion (in the slowness planei is considered here. Apparently. similarity between the response of
)herical and cylindncal canyons is even stronger than in the case of incident SH waves (Figure 9i However.
ie difference between the results for the narrow canyon and the other two models is still very pronounced.
imilar observations are made for incident P and Rayleigh waves. The results of Figures 9 and 10 show that.
or a narrow prolate type canyon. a clear reduction occurs for the in-plane components of the displacement
-ld in comparison to the other two models.

umerical aspects of the method
At this point it is of interest to elaborate further about some numerical aspects of the solution. It has been

bserved that in solving the steady state problem at low and moderate frequencies only a small number of
ipansion terms and observation points are needed. For the range of frequencies studied here, the results
ihibit good accuracy with an azimuthal order of expansion M = 3. However, the convergence of the results is
iore sensitive upon the second order of expansion N. For low and moderate frequencies. say !D < 1S.
merally N = 9 provides acceptable convergence. The number of collocation points Lo and L,, and their
ications on the surface of the canyon and the half-space, play an important role in the accuracy of the results.
ollocation points are distributed on elliptical contours on the surface of the canyon. These contours are
;ually spaced at different elevations from : - 0 to - = a3 . For low and moderate frequencies eight contours
roduce accurate results. Collcation points are uniformly distributed along these contours. A total of 80
)ilocation points is distributed in this way on the surface of the canyon. In order to satisfy the traction-free
Dundary condition on the surface of the half-space, a number of elliptical contours, following the shape of the
rnyon edge, are considered on the surface of the half-space. These contours are equally spaced from the edge
r the canyon up to three times the width of the canyon at the surface of the half-space. A total of 96
fllocation points uniformly distributed on these contours produced good accuracy of the results. As the
equency of the incident wave increases, the number of collocation points and expansion terms needed for
mvergence increases as well. This results in a more extensive computation. What makes the computation
:pensive is the inversion of relatively large matrices in solving the least-squares problem [see equation (8)].
t general the following criterion has been used to establish the convergence of the results: as the number of
ýpansion terms and collocation points increases, the results are accepted as the final ones if the maximum
flerence between two successive calculations of the surface displacement field is sufficiently small (less than 4
'r cent).

CONCLUSIONS

he response of a non-axisymmetric three-dimensional canyon for different angles of incidence of plane
irmonic SH. SV, P and Rayleigh waves is investigated by using the wave function expansion technique. The
ave functions describe the unknown scattered wavefield. These functions do not satisfy stress-free boundary
mnditions at the surface of the half-space. These conditions, in addition to the traction-free boundary
ondition on the surface of the canyon, are locally imposed at a number of points on the surface of the half-
aice and on the surface of the canyon.
The results presented provide a basic understanding of the scattering phenomenon due to non-
tisymmetric three-dimensional canyons. A comparative study is done to show the validity and limitation of
e corresponding two-dimensional approximations lantiplane and plane strain models). For the range of
.quencies studied here. it is shown that. even for the cases where two- and three-dimensional results match
Dsely for the main components of displacement field. the two-dimensional approximation will ignore an out-
-plane displacement component for the case of incident P. SV and Rayleigh waves and an in-plane motion
r the case of incident SH waves which may have significant amplitudes. This is particularly evident for the
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cases of incident SH waves. Results clearly demonstrate that. when the edges of the canyon in the out-of-plane
direction (with respect to the slowness plane) are close to each other, the three-dimensional nature of the

problem is essential and it can not be modelled by two-dimensional approximations. Therefore. this strongly
suggests that a complete descnption of the site phenomenon in strong ground motion will require, in general
a three-dimensional modelling of actual irregularities.
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Scattering of Elastic Waves by
Nonaxisymmetric Three-Dimensional
Dipping Layer
Hossein Eshraghi and Marijan Dravinski
Department of Mechanical Engineering, University of Southern
California, Los Angeles, California 90007

Usine a boundary method, we investigated the scattering of elastic plane harmonic SH.
SV. P. and Rayleigh waves by three-dimensional nonaxisynmmetric dipping layers em-
bedded in an elastic half-space. The valley was subjected to incident Rayleigh wave and
oblique incident SH, SV. and P waves. The method utilized spherical wave functions to
express the unknown scattered field. These functions satisfy the equation of motion and
radiation conditions at infinity but they do not satisfy the stress-free boundary conditions
at the surface of the half-space. The boundary and continuity conditions are imposed lo-
cally in the least-square-sense at several points on the layer interface and on the surface
of the half-space. A comparative study was done to examine the validity and limitations
of the two-dimensional approximations (antiplane and plane strain models) of three-
dimensional models. It is demonstrated that the tMo-dimensional approximations may
be inadequate to represent actual displacement field for three-dimensional irregularities.

I. INTRODUCTION

In studying the effects of local site upon strong ground motion, researchers
mostly directed their efforts to solving the problems of ground motion amplifi-
cation by using simplified two-dimensional models.* The validity and limita-
tions of these simplified models were always a matter of speculation. since
available solutions to the three-dimensional models were limited to only axisym-
metric geometries. Recent advances in computational techniques made certain
numerical approaches applicable to more realistic problems of local site effects
(Eshraghi and Dravinski [3]). The wave expansion method, which we use here.
is one of these techniques. This method uses a series of spherical wave func-
tions to represent the scattered wave fields. These wave functions satisfy the
equations of motion and radiation conditions at infinity. but they do not satisfy
the traction-free boundary condition on the surface of the half-space. which
must be imposed locally. The approach originates in the works of Herrera and
Sabina [4] and Herrera [5] and has been successfully applied by a number of
researchers to two-dimensional diffraction problems of interest in strong ground
motion seismology. Only papers dealing with three-dimensional scattering
problems are discussed in this paper.

*For a detailed review of such two-dimensional modeline. see the recent tIl-part
pap-r by Eshraghi and Dravinski [1. 2].

Numencal Methods for Partial Differential Equations. 5. 327-345 1 1989)
C 1989 John Wiley & Sons. Inc, CCC 0749-159X/89/04327-19SC4.00
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Sanchez-Sesma [6] used the wave function expansion technique to solte dit-
fraction problems for three-dimensional axisymmetric scatterers and vertically
incident P waves. Lee [7. 8] used similar approach to study scattering problems
for a hemispherical canyon and alluvium. Apsel [9] considered a boundary inte-
gral equation (BIE) method for studying soil-structure interaction for axisyrn-
metric scatterers. Lee and Langston [ 10] used a ray method to solve the tran~ient
problem for amplification of ground motion by an axisymmetric scatterer. In all
of these papers the scatterers were assumed to be axisymmetric. Recently. we
extended the wave expansion technique to study diffraction of seismic waves
by nonaxisymmetric surface irregularities (Eshraghi and Dravinski [3]). In that
paper we provided a detailed comparative study between the responses of two-
and three-dimensional canyons subjected to incident Rayleigh wave and
obliquely incident SH, SV, and P waves. In this paper we extend that work to
nonaxisymmetric valleys. We subject the valley to incident Rayleigh wave and
obliquely incident SH, SV. and P waves, and. in addition to a parametric study
of three-dimensional results, include a comparison between the two- and three-
dimensional dipping layers. Validity and limitations of the two-dimensional
approximations are also examined for a class of problems at hand.

II. STATEMENT OF THE PROBLEM

Geometry of the problem is depicted by Figure 1. The model consists of a
soft dipping layer embedded within an elastic half-space. Throughout the paper
C,, denotes the surface of the half-space and the valley at z = 0. while C, de-
notes the interface between the layer and the half-space. Domains Do and D,
correspond to the half-space and the dipping layer, respectively. Summation
over repeated indices is understood. Underlined indices indicate that the sum- 0
mation is being suppressed. The layer interface C, is assumed to be smooth.
without sharp comers. Material of the medium is chosen to be linearly elastic.
homogeneous, and isotropic. The half-space is subjected to incident plane har-
monic SH, SV, PR or Rayleigh waves.

Steady-state equation of motion in a three-dimensional media, in the absence
of body forces, is defined in a vector form by 0

AVu4- (Al + A))7 7 - u, + &)w, = .x,ED.(=~)taj~ j*(A JjV• •u o'u 0._r, E D,. (i = O, 1) (1)

where subscripts j = 0 and I correspond to the half-space and dipping layer.
respectively, x, is a position vector while u, denotes the displacement vector.
Lame's constants are denoted by A, and ;A, and cw is the circular frequency. A
system of unit basis Le_,. e J, e} is defined for a spherical coordinates (r. 0. do) 0
according to Figure i. For the same coordinate system the displacement vector
y, can be expressed in terms of three displacement components u,. u,. and u,,.
Using the Helmholtz decomposition the displacement field u can be written as

u, = '70, + V(r*') x e, + f,V x 7 X (ru,), (j = 0. 1,) (2)
where 0, ,J+1 ."and X, are the three displacement wave potentials for the jth
layer and f is a scalar factor to give potentials the same dimension. Substitution
of Eq. (2) into (I) decomposes the equation of motion in terms of the three po-

I II I II I0
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FIG. I. Problem model.

tentials according to

(VI + hl)4ýs q), 0) = 0 (3a)

(72 + k2)A',(x,,w) = 0 (3b)

(172 + k2)X,(x ,o() = 0, (j = 0, 1) (3c)

5 where h, and k, denote the pressure and shear wavenumbers, respectively.
Boundary conditions on the surface z = 0 of the half-space and the valley

are given by

o ' o, = 0, 0 = 7'/2(z 0 ), xE C, (j = 0. 1).
(4)

5 where a,#, orv, and or0 are components of the stress tensor. Perfect bonding
along the layer interface C, requires continuity of displacement and traction
fields according to

)= u•'(xw) (5a)

1_ T(x_.. ) = T W(x,w) (5b)

where u and T are the displacement field and traction vectors with components
along the basis e,. e#, and e., respectively. Superscripts + (-) denotes that the

S

Sl
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interface is being approached from the outside (inside). The component' of the
traction vector are defined according to

T. o,,.n, ± or.Jn, -• o',•,~n (O1a)

To ± oin + ori•6b)

6 'On' (,61
7

1.b" + 7f ~6c)
Here. o-r. ur,. jr,, a,, oT,,. and o', are components of the stress tensor, and
01". n. and t, correspond to the components of unit vector normal to the inter-
face C, (see Figure 1). Expressions for the components of displacement field
and stress tensor in terms of the displacement potentials can be found in litera-
ture (Pao and Mow [I I]).

Incident field consists of plane harmonic Rayleigh wave or oblique incident
SH. SV. or P waves. For slowness vector within the .:-plane. expressions de-
scribing these fields can be found in recent papers by the present authors
(Eshraghi and Dravinski [I. 2]). For slowness vector located outside the X:-
plane, corresponding incident field is obtained through rotation about the :-
axis. This completes the statement of the problem. Solution of the problem is
considered next.

Ill. SOLUTION OF THE PROBLEM

As an incident wave strikes the interface C. it is partially reflected back into
the half-space D,, and partially transmitted into the top layer D,. Consequently.
the wave field in the half-space consists of the free-field and the scattered wave
field, while the wave field inside the dipping layer consists of the scattered
wave field only. The displacement field can be written in the following form

u, = e + u_,. x E Do. (7a)

u, = Lt, -. E D1 . (7b)

where u = (u,. uj, u,,). x = (r. 0, O), and superscripts s and ff denote the scat-
tered and free-field, respectively. The scattered wave field can be expressed as
a linear combination of the wave functions according to

a,,,h',,2"hr)P,7(cos 0) cos rnm
+ b,,h2'(h,,r)P,, (cos 0) sin m4b (8a)

m 0. ..... . M. n 0,1. N. M:-N. vE D,,.

= a *h. '(kur)P,2,(cos 0) cos ronr
-'- b,,,,h,(kr,, P,Z,(cos 0) sin mi (8b)

=n .2.. M. n = . .. .. N. MfN. iED,,
iiu = ,,,h' (kor)P,,(cos 01 cos n(b

+ b.,•h.'(k.r)PP'(cos 0) sin m6 18c)

m = .2.. M, n = 1.2.. N. M-N. .ED,.

0

I I I i ,
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= c j.2(hlr)P,'(cos 6) cos mrn
+d!m']'(hr)P"'(cos 6) sin m4 (8d)

m=0,1 .... M, n =0,1 .... N, M:-N. xED,,

I ,= Cj.(klr)P,'(cos 0) cos meb

+ d.j'.(kr)P,"(cos 0) sin me! (8e)

m=i 1,2... M, n 1,2 .. , N, M<-N. xED,.

cX C .j,(kir)P' (cos 0) cos mO!
X (2)

+ d,'.,j.(kr)P',,(cos 0) sin mc! (8f)

m 1,2. M, n= 1,29...,N, M<-N, xED1 ,
where a-, b., c., and d,. are unknown coefficients, N and M are the orders
of expansions, h.2)(kr) are the spherical Hankel functions of the second kind,
jM(kr) are the spherical Bessel functions of the first kind, and P:(cos 0) are the
associate Legendre polynomials (Abramowitz and Stegun [12]). As indicated
earlier, summation over repeated indices is understood. The wave functions in
Eqs. (8) are solutions of the equation of motion (Eq. 1). Furthermore, the scat-
tered wave field within the half-space D, consists of outgoing waves only, thus
satisfying the radiation conditions at infinity. The scattered waves within the
dipping layer D, consists of standing waves only. It can be seen that these wave
functions do not satisfy the stress-free boundary conditions along the surface of
the half-space. These conditions must be imposed locally.

To evaluate the scattered wave field and subsequently the total displacement
field everywhere within the domain of the problem, it is necessary to determine
the unknown expansion coefficients in Eqs. (8). Substitution of the scattered
wave field into the continuity conditions on the surface of the layer interface C,
(Eqs. 5) at L, collocation points, and into the boundary conditions (Eq. 4) on
the surface z = 0 of the half-space and the valley at L, collocation points, re-
sults in a system of linear equation of the form

Gc =f, (9)
where vector f contains the unknown expansion coefficients, vector " corre-
sponds to the free-field displacements and stresses on the boundaries Co and C1,
and matrix G contains the wave functions and their derivatives. The size of
matrix G is (L x K), where L > K in order to solve Eq. (9) in the least-square-
sense. Once expansion coefficients are found, the displacement and stress fields
can be evaluated throughout the elastic medium.

This concludes the solution of the problem. Numerical results are presented
next.

IV. NUMERICAL RESULTS
In this section, the numerical results are presented for response of non-

axisymmetric valleys subjected to plane harmonic Rayleigh waves and oblique
incident SH, SV, and P waves.
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A. Geometry of the Valley

The shape of the layer interface C, is assumed to be in the form of a ,emiel-
lipsoid defined in the Cartesian coordinate system (x. v: z) according to

.r"/a -' y"/a2 + :2'/a1 = I : > 0. (10)

where a, a., and a, are the principal axis of the ellipsoid along the coordinates
X, v. and z, respectively. In particular, the results are presented for spherical
valleys (a, = a, = a3) and prolates (a, 0 a, = a). The spherical valley is •
considered for comparing the results of the present investigation with those
available in the literature. On the other hand, prolate type of valley is used to
investigate the nonaxisymmetric features of a general three-dimensional model.
The choice of these two models allows a comparison between the results of
axisymmetric and nonaxisymmetric models. Furthermore, a prolate type valley
can be used to test the overall accuracy of the proposed technique. Namely, by •
assigning sufficiently large values to one principal axis of the prolate, it is pos-
sible to make a systematic comparison with available solutions in literature for
cylindrical valleys (Eshraghi and Dravinski [1, 2]). This model also can be used
to establish the validity and limitations of the corresponding two-dimensional
approximations (antiplane and plane strain models),

B. Conventions

Throughout the paper the following conventions are used (Eshraghi and
Dravinski [31). The slowness vector of an incident wave (referred hereafter as
the slowness vector) is specified by two angles, azimuthal angle of incidence,
ý60. and off-vertical angle of incidence 00 (Figure 1). A slowness plane is de-
fined as a vertical plane that contains the slowness vector. In particular. when
the slowness vector is contained within the xz-plane (yz-plane) the incidence is
defined as an azimuthal (off-azimuthal) one. The out-off plane direction is re-
ferred to as a direction normal to the slowness plane. The in-plane motion is
defined as a motion that takes place in a slowness plane. In addition to the ac-
tual frequency (o, a dimensionless frequency f0 is introduced as the ratio of the
maximum width of a cross-section of the dipping layer (lying in the slowness
plane passing through the center of valley) and the wavelength of the incident
shear wave. Unless stated differently, the density and shear wave speed for the
material of the half-space are assumed to be equal unity and corresponding Pos-
sion's ratio for all materials is taken to be 1/3. For convenience, all numerical
results for surface displacement field are displayed in terms of the Cartesian
components u. v. and w.

C. Testing of Results

To assess numerical accuracy of the proposed method, diffraction of a verti-
cally incident P..wave by a spherical dipping layer embedded in a half-space is
investigated first. Amplitude of surface displacement field is depicted by
Figure 2. The results of Sanchez-Sesma [6] obtained previously for the same
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FIG. 2. Surface displacement field amplitudes for stations along the x-axis and a hemi-

spherical valley of unit radius subjected to a vertically incident P wave. The dimension-

less frequency fl of the incident wave is 0.833. The following material properties are

assumed: For the half-space, S3o = Po = 1. I0 = 1.732, and for the dipping layer,

13 = 0.707, p, = 0.6, aI = 1.414. The order of expansion terms M andN are assumed

to be: M = 0, N = 14. The number of collocation points on the surface of the layer in-

terface L, and on the surface z = 0 of the half-space and the valley L0 are considered to

be as following: Lo = 24, and L, = 40. Throughout, u, v, and w correspond to the three

components of the displacement field along the axis x, y, and z, respectively. Solid and

dash lines correspond to the results of the present study, while dots correspond to results
of Sanchez-Sesma [6].

problem are displayed as well. Very good agreement between the two results

can be observed.
To test the accuracy of the present technique for nonaxisymmetric geometries

and obliquely incident waves, a prolate type of valley is considered next. The

valley is subjected to an off-azimuthal incident P wave (Figure 3). Larger width

of the valley in the out-of-plane direction (a, = 2, a2 = a3 = 1) allows a com-

parative study at low frequency of the results with those of a similar two-

dimensional (cylindrical) models studied previously by the same authors

(Eshraghi and Dravinski [1,2]). Namely, the attenuated scattered waves from

elongated edges reaching the yz-plane may not significantly affect the total scat-

tered wave field. In Figure 3, the graphs in the first column (3a-c) correspond

to the results obtained for the prolate, while those in the second column corre-

spond to the results of the cylindrical model. The model geometry (cut by the

slowness plane to show the direction of incidence) is illustrated in the bottom of

each column. Similarity of the results between these two models are obtained

for all angles of incidence studied here. Such similarity can be observed for in-

cident SH, SV, and Rayleigh waves as well. To reduce the number of figures,

they are omitted here. This concludes testing of the results. Response of a non-

axisymmetric valley is considered next.
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FIG. 3. Comparison of die in-plane components of the surface displacement field (v- and
w-components) of a prolate type of valley (a-c) with those of a cylindrical valley (d-f)
for stations along the y-axis. For the prolate the principle axis are a, = 2, a2 = a3 = I,
while for the cylindrical valley the radius is one. The geometry of the valleys (cut by the
slowness plane) are-illustrated in the lower section of the figure. Both valleys are sub-
jected to same off-azimuthal incident P waves (40 = -90*). Three off-vertical angles of
incidence are considered: 0o = 0, 300, and 60. fl = 0.5 (relative to a 2), M = 3,
N = I1, Lo = 104, and L/ = 124. The following material properties are assumed here-
after: go = Po = I, ao = 2, P, = 0.5, pt = 2/3, c, = I.
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0. Response of a Nonaxisymmetric Valley

Surface responses for a prolate type valley (a, = 2. a, = a, = 1) are shown
in Figures 4 through 7. For stations along the x- and the Y-axes displacement
field is obtained for three off-vertical incident SH and P waves. Both azimuthal
and off-azimuthal incidences are considered. Actual frequency of the incident
wave being w = 1.571 sect results in a dimensionless frequency of one (rela-
tive to a,) for the azimuthal incidences and one half (relative to ai for the off-
azimuthal incidences. For Figures 4 to 7, graphs in the first and second column
correspond to the surface response for the observation stations along the x- and
y-axes, respectively.

Results for azimuthal and off-azimuthal incident SH waves are depicted by
Figures 4 and 5. respectively. For azimuthal incident SH waves and stations
along the x-axis the motion occurs in the out-of-plane direction only
(Figures 4a-c). This agrees with the two-dimensional antiplane strain model
However. for stations along the v-axis (Figures 4d-f) all three components of
displacement field may be present. Of interest in these graphs is large ampli-
tude of the vertical component of displacement field. This component, not pre-
sent in the two-dimensional approximation. can assume values comparable to
the amplitude of the predominant component (the v-component) its shown by
Figure 4d. At this point it is interesting to observe how change 4f the valley
width perpendicular to the slowness plane affects surface displacement field.
For that purpose. the valley considered in Figure 4 is reinvestigated for off-az-
imuthal incident SH waves as shown by Figure 5. It should be noted that for
realistic comparison, displacement field for stations along the x-axis (the y-axis)
for azimuthal SH-incidences must be compared with displacement field along
the Y-axis (the x-axis) for off-azimuthal SH-incidences. Therefore, the results of
Figure 5 correspond to a relatively wider valley (in perpendicular direction to
the slowness plane) than those of Figure 4. By comparing the main component
of displacement fields of Figure 4d-f with Figure 5a-c. one finds very little
similarity between the two. This main component of displacement field for in-
cident SH wave is specified in Figures 4 and 5 by v- and u-components. respec-
tively. Better agreement can be observed between results of Figures 4b and c
and Figures 5e and f for the main component of displacement field. However.
the vertical component of displacement field that has substantial amplitude for
the narrower valley (Figure 4d-f) is reduced considerably for the wider valley
(Figure 5a-c). Significant amplitude of the vertical displacement component,
which is not present in the antiplane strain model, demonstrates clearly the im-
portance of three-dimensional modeling of realistic valleys. It is interesting to
note that for geometrically similar three-dimensional canyons (Eshraghi and
Dravinski [3]), considerably greater similarity could be observed for predomi-
nant displacement components between the narrow and wide canyons than be-
tween corresponding valleys studied in this paper. Furthermore, the amplitudes
of nonpredominant components of displacement field (the in-plane motion) for
the canyon appear to be considerably smaller than those of the valley. This
large amplitude of the two nonpredominant components of displacement field
(specially for the narrower valley) is an important characteristic of three-dimen-
sional models studied here.
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FIG. 4. Surface displacement amplitudes for a prolate type valley (a, = 2,
a2 = a3  1) subjected to azimuthal incident (0 = l80) SH waves. Stations lie along
the x-axis (a-c) and they-axis (d-f). fl = I (relative to a 1), M = 3, N = 1i, Lo = 104.
andL = 124.
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FIG. 5. Surface displacement amplitudes for a prolate type valley (as = 2, a2 =
a 3 = 1) subjected to off-azimuthal incident (qo = -90) SH waves. Stations lie along
the x-axis (a-c) and the y-axis (d-f). f) = 0.5 (relative to a 2), M = 3, N = 11. o =
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FIG. 7. Surface displacement amplitudes for a prolate type valley (a, 2. a, -
a 3 = I1) subjected to off-azimuthal incident (Oo = -90°) P waves. Stations lie along the
x-axis (a-c) and the y-axis (d-f). fl = 0.5 (relative to a,,). M = 3, N = II. Lo = 104.
and L = 124.
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Figures 6 and 7 correspond to surface response for azimuthal and otf-azimuthal
incident P waves, respectively. For stations along the axis in the out-off plane
direction an additional component of displacement is present in that plane (dash
and solid lines in Figure 6d-f and a-c, respectively). Considering the same rule
of comparison defined earlier for incident SH case. one observes more similar-
ity between the results for azimuthal and off-azimuthal incident P waves than
those for the incident shear waves. As expected. for the vertically incident
P vaves. the displacement field is identical for both azimuthal and off-azimuthal
incidences.

E. Two-Dimensional vs. Three-Dimensional Modeling

Results in the last section illustrate that for nonaxisymmetric valleys a
change in azimuthal angle of incidence affects the displacement field substan-
tially. Results for the azimuthal and off-azimuthal incidences display different
characteristics in general. This dissimilarity is more pronounced here than in
the geometrically similar canyons (Eshraghi and Dravinski [3]). Furthermore. it
was observed that the extra components of displacement field that are not pres-
ent in the two-dimensional approximations (antiplane and plane strain mod-
els). may have substantial amplitude. These results emphasize the need for
three-dimensional modeling of realistic problems of interest in the strong
Fround motion seismology and earthquake engineering. To enhance further
upon the need for a three-dimensional analysis, response for valleys in the form
of a prolate (a, = 0.5, a, = a3 = 1) and a sphere are compared with those of a
cylindrical valley. This comparison should illustrate the limitations of the two-
dimensional models in approximating more general three-dimensional prob-
lems. Figures 8 through 10 display the surface response for three types of
valleys to off-azimuthal incident SH, SV, and Rayleigh waves, respectively. To
make realistic comparison, we chose valleys having identical widths along the
y-axis. Results for cylindrical valleys are obtained in an earlier study by the
present authors using a cylindrical wave function expansion technique (Eshraghi
and Drav'inski [1,2]).

Results of Figure 8 correspond to off-azimuthal incident SH waves. To sim-
plify the comparison between the responses of three dimensional and two
dimensional models, only the out-of-plane component of displacement field is
displayed. Apparently, there are no similarities between the responses for dif-
ferent types of valleys in this figure. For incident SV and Rayleigh waves, only
the in-plane motion (in the slowness plane) is considered. i.e.. only v- and
w-components of displacement field are displayed in Figures 9 and 10.
Analogously to the results obtained for incident SH case quite different patterns
can be observed for different types of valleys studied here. It is interesting to
mention that in the similar study for the canyons (Eshraghi and Dravinski [3]).
the surface response for the narrow three-dimensional canyon was completely
different from those of spherical and cylindrical canyons. However. in that
study very similar results were obtained for the spherical and cylindrical
canyons. Therefore, presented results clearly demonstrate that in general the
three-dimensional nature of the problem is essential in modeling of the actual

I I I I I I I I0
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irregularities anla that two-dimensional models may result in rather inadequate

approximations. Furthermore, comparison of the present results with their
counterparts for the canyons (Eshraghi and Dravinski [3]) shows that presence
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of alluvial valleys results, in general, in a larger amplification of surface
ground motion than those observed for the canyons. This amplification appears
to be more pronounced for three-dimensional valleys than for their two-dimen-
sional approximations as results in Figures 8 to 10 clearly demonstrate.

F. Numerical Aspects of the Method

It is useful at this point to elaborate in some detail about the numerical
aspects of the solutions presented in this paper. First. it should be pointed out
that the number of expansion terms and collocation points needed for conver-
gence of the results increase as the frequency of the incident wave increases.
For the range of frequencies studied here, good accuracy can be obtained with
an azimuthal order of expansion M = 3. However. the results are more sensi-
tive upon the second order of expansion N (see Eqs. 8). For low and moderate
frequencies, say fl < 1.5, generally 8 < N < 12 provides acceptable conver-
gence. It is observed that location and the number of collocation points Lo and
L, play a crucial rule in the convergence of the results. These points are distrib-
uted on elliptical contours on the surface of the layer interface C, and also on
the surface C0 (: = 0) of the half-space and the valley. On interface C, these
contours are equally spaced at different elevations from z = 0 to : = a,. For
low and moderate freqtiencies eight to ten contours are sufficient. A total of 82
to 104 collocation points are uniformly distributed along these contours. Similar
elliptical contours are considered on the surface of the half-space. These con-
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tours follow the 'shape of the valley edge and are equally spaced from the origin
up to three times the width of the valley at the surface of the half-space. Twelve
contours equally spaced this way on the surface of the half-space contained a
total of 124 uniformly distributed collocation points. The order of expansion
and the number of collocation points is determined through the following con-
vergence criteria: First the material properties of the half-space and the dipping
layer are assumed to be the same. This should results in the free field for total
wave field. The orders of expansion and the number of collocation points are
increased until the total wave field is identical to the free field one. Subse-
quently, for different material properties of the layer and the half-space the order
of expansions and the number of collocation terms are further increased until
the difference between two successive calculations are judged to be sufficiently
small. This concludes the analysis of numerical results.

V. CONCLUSIONS 40

Amplification of incident plane harmonic SH, SV, P, and Rayleigh waves by
nonaxisymmetric three-dimensional valleys of arbitrary shape is investigated
by using a boundary method. Different angles of incidence are considered.
Scattered wave fields are expanded in terms of spherical wave functions that
satisfy the equation of motion and radiation conditions at infinity but they do
not satisfy une stress-free boundary conditions at the surface of the half-space.
These conditions, are imposed locally at a number of points atop the valley and
the half-space.

Results presented in this investigation demonstrate the importance of three-
dimensional modeling of the actual alluvial valleys. For the range of frequen-
cies studied it is shown that for the valleys with elongation (in the out-of-plane
direction) being more than twice that of the corresponding width in the slow-
ness plane, a two-dimensional approximation could results in a fairly similar
response for the predominant components of displacement field. It is shown
that the two-dimensional models ignore an out-of-plane displacement compo-
nent for incident P, SV, and Rayleigh waves and an in-plane motion for inci-
dent SH wave that may be significant in amplitude. Presented results show that
similarity of predominant components of displacement field between the valley
and its two-dimensional approximations deteriorates as the elongated width of
the valley (in direction perpendicular to the slowness plane) reduces in size.
This deterioration reaches a point where no apparent similarity may exist be-
tween the results of a spherical valley and its two-dimensional counterpart. For
the range of frequencies studied here, this rate of deterioration is significantly
faster here than the one observed for the canyons (Eshraghi and Dravinski [3]).
Therefore, the results of the present study strongly suggest that complete de-
scription of the site phenomenon and corresponding strong ground motion will
require a three-dimensional modeling of the actual alluvial valleys.

This material is based on work supported in part by the National Science
Foundation ulider grant 53-4519-3792 and in part by the Office of Naval Re-
search under contract N00014-88-K-0157.
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AMPLIFICATION OF ELASTIC WAVES BY A THREE
DIMENSIONAL VALLEY. PART 1: STEADY STATE RESPONSE

TOM[ K. MOSSESSIAN' AND MARIJAN DRAVINSKI

Departmrent o •Mechancal Engineering, Uni'ersitv" oJ Southern California. Los Angeles. California 90089. U.S.A.

SUMMARY

Steady state scattering of incident P. SV. SH and Rayleigh waves by general non-axisymmetric three dimensional dipping
layers is investigated by using an indirect boundary integral equation method. Material of the half-space and the layer is
assumed to be linear, weakly anelastic, homogeneous and isotropic.

Systematic comparisons between three dimensional and two dimensional models demonstrate that the validity of a
two dimensional approximation for a given basin shape may be affected strongly by changes in azimuthal angle of
incidence, type of incident wave and frequency. The discrepancies of two dimensional modelling appear to be much more
pronounced for the case of an incident SH wave. Another important feature of the results is the existence of strong
coupling between P; SV and SH modes, which has no correspondence in two dimensional models. Such off-azimuthal
mode conversions are particularly strong for an incident SH wave.

INTRODUCTION

The importance of local site effects on strong ground motion has been well recognized.' The site conditions
appear mainly in the form of irregular surface topographies (canyons and ridges) and/or soft subsurface
layers (sedimentary basins). The seismic response of sedimentary valleys is especially important since many
highly populated areas are located on such basins, e.g. Mexico City2 and Los Angeles.' In recent years the
amplification effects of sedimentary basins have been the subject of numerous experimental and theoretical

studies. For a detailed review of literature on the subject the reader is referred to articles by Dravinski and
Mossessian,' Moczo et al.I and Aki. I Most of the recent theoretical investigations have been limited to two
dimensional plane strain models. '- Three dimensional studies are few in number and are mostly limited to
simple geometries and axisymmetric cases. Lee"0 inVestigated diffraction of elastic plane harmonic P, SV and
SH waves by a hemispherical valley using the method of series expansion. His solution is applicable for
basins of spherical shape only. Day" used the finite element technique to study the response of a cone-
shaped sedimentary basin due to a dislocation source. Sanchez-Sesma 2 considered diffraction of a vertical
incident P wave by several types of irregularities including alluvial basins using a wave function expansion
approach. Both studies were limited to axisymmetric cases. Lee and Langston I3 studied wave propagation in
a three dimensional circular basin subjected to incident plane P and SH waves using a ray technique. Their
solution is applicable only in the high frequency range. Very recently, Khair et al. '` I have considered three
dimensional amplification of P and SV waves by cylindrical valleys. However, their model in not a general
three dimensional one, and it corresponds to the problem of two dimensional type valleys subjected to a three
dimensional plane incident wave field.

In this paper, an indirect boundary integral equation method is applied to study the amplification of elastic
waves by a three dimensional dipping layer of arbitrary shape. The present work is an extension of the recent
study done by the authors" in which they investigated seismic response of canyons of arbitrary shapes. The
model used in this study is a general three dimensional one. Incident plane harmonic SH, SV, P and Rayleigh
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0098-8847/90/050667-14S07.00 Received 10 January 1989
C 1990 by John Wiley & Sons, Ltd. Revised 18 January 1990



668 T. K. MOSSESSIAN AND M. DRAVINSKI 0

waves are considered. A general formulation of the problem is presented. The accuracy of the methbd is
tested through comparison with results of some earlier studies. The effects of different parameters such as
basin shapes. types of waves, angles of incidence and frequency are investigated. The validity of two
dimensional models is examined through several comparisons between three dimensional and corresponding
two dimensional responses.

STATEMENT OF THE PROBLEM

The geometry of the model is depicted by Figure 1. The basin is modelled as a single dipping layer of
arbitrary shape perfectly bonded to a half-space. The spatial domain of the half-space is denoted by Do and
that of the layer by D,. The interface between the layer and the half-space is denoted by S, and it is assumed 4
to be sufficiently smooth without sharp corners. The material of the half-space and the layer is assumed to be
weakly anelastic, homogeneous and isotropic. The half-space is subjected to incident plane harmonic P, SV,
SH and Rayleigh waves.

The equation of motion for steady state elastic wave propagation is specified by

(;-s + uj)VV-uj +,UjV~uj + PJ2uj = 0; j = 0, 1, Dox O (u)

(no summation over j)

where u, = (u, v, w) is the displacement vector, x is the position vector, pj is the density and i, and uj are the
Lame constants. These constants are assumed to be complex numbers to account for anelasticity."
Subscripts 0 and 1 correspond to the half-space and the layer, respectively. Throughout the paper the term
exp(iwat) is understood. Stress free boundary conditions along the surface of the half-space are specified by

6X,, = e',= o..= (Y; z=O3, XEDo u D, (2)

The co:.tinuity of the displacements and tractions along the interface S, is given by

0 = u,; xeS1  (3a)

t' = t;; xeS1  (3b) 0
where t,j = 0, 1 are the traction vectors at the surface S1 with unit normal v. The usual radiation conditions
should be satisfied by the scattered wave field at infinity.

METHOD OF SOLUTION

The total displacement field in the half-space and the dipping layer is specified by

uo - W1 + u0; xeDo (4a)

Ua -us,; zeD, (4b)

where the superscripts ff and s denote the free and scattered wave field, respectively. Following an indirect
boundary integral equation approach,', I' the scattered field is assumed to be generated from the distribution 0
of unknown forces f0 (y) and f, (y) over auxiliary surfaces SO and S., respectively. The auxiliary surfaces S.'
and S-' are located inside and outside or the surface S1, respectively. Hence the scattered displacement field in
the half-space and the dipping layer can be written in the form

u = fG(x, y)fo(Y)dS?(y); xc-Do (Sa)

ast Jf G(x, y)f,(y)dS-'(y); ceD, (5b)

0i
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* A
A B

Figure 1. Problem model

where G is a half-space displacement Green's function tensor."' The element G11(x, y) corresponds to the ith
component of the displacement vector at x due to a unit harmonic force at y acting in the jth direction. The
theoretical development of these Green's functions is rather involved, their complete explicit forms can be
found in the article by Mossessian and Dravinski," and also in Mossessian.' 9

Choosing fo(y) and f, (y) to be distributed at discrete points x. and x, on the surfaces So and S,, then the
total wave field follows from equations (4a, b) and (Sa, b)

Uo = uf + G(x, x,)fo', xeDo, X.eS., m = 1,2, .z.. M (6a)

ul =-G(x, xl)f,, x eDI, xeS.1, I = 1,2, ... L (6b)

The unknown force magnitudes f and f'l, are yet to be determined for all m and L. Throughout, summation
over repeated indices is understood. Using equations (6a, b), the components of total traction along the
surface S, become

to - tff + T(x, x,)fo"; x e$,; m = 1, Z . ... , M (7a)

t =I- T(x, x,)ff; xeS1 ; I = 1, 2, .... ,L (7b)

where t" is the free-field traction vector and T is the half-space traction Green's function tensor. The
component T~j(x, x.) corresponds to the ith component of the traction vector at x due to unit harmonic force
at x. acting in the jth direction. For simplicity, the superscript v is suppressed. By choosing N observation
points along the surface S, the corresponding traction field can be stated as follows:

to(x,) - t!(x,) + T(x,, x.)fm; x. eSo (8a)

t 1(x.) - T(x., x)f',; xj e S. (8b)

x.eS,, n- ,2,... N; m- 1,2, ... M; I- 1,2, .... L

Using equations (8a, b), the continuity conditions given by equations (3a, b) assume the following form:

GTw -t; 0o fo a )T (9)

where vector I contains the unknown force magnitudes and matrix GT and vector a are known. Choosing N
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greater than Ml and L, equation (9) is solved in the least square sense. Once the magnitudes of the forces i are
known, the total wave field within the half-space and the valley can be obtained through equations (6a. b).

NUMERICAL RESULTS AND DISCUSSION

The geometry of the valley is assumed to be in the form of a semi-prolate dipping layer. This allows
systematic comparison with available two dimensional results, without loss of general three dimensional
characteristics of the model. This geometry can be defined in the following parametric form:

x = a cos(M) cos(s) (10a)

y = b cos(t) sin(s) (10b)

: = b sin(r) (10c)

0 ,< t ,< n/2, 0 <- s ,< 2 n

where a and b are the major and minor axis of the semi-prolate. The minor axis b is chosen to be equal to one
throughout the calculations. For different valley shapes only the major axis 'a' is varied. To reduce the
number of figures, only the results for cross sections y = 0 and x = 0 are presented, and they will be referred
to as sections A and B, respectively. In addition, two types of planes are distinguished in this paper: an
azimuthal plane is defined to be a vertical plane which contains the slowness vector of the incident wave; all
other planes are denoted as off-azimuthal planes. For example, if the slowness vector of the incident wave
field lies in the xz-plane, section A is an azimuthal plane while section B is an off-azimuthal plane. Incident
waves are plane P, SV, SH and Rayleigh waves. The azimuthal angle of incidence 0 is measured
counterclockwise from the negative x-axis (Figure 1). The off-vertical angle of incidence & is measured from
the positive :-axis toward vector r, which defines the azimuthal position on the surface of the half-space. The
amplitudes of the incident waves are the same as those used by Dravinski and Mossessian.' For convenience,
a dimensionless frequency of incident wave 0 is defined as the ratio of the length of the valley along section B
(which is equal to 2 for all the valley shapes) and the wavelength of the shear wave in the half-space.

The accuracy of the method is highly dependent on the location of auxiliary surfaces, So and S.1, the
number of sources, M and L, and the number of observation points, N. The auxiliary surfaces are chosen to 0
be in the following form:

x (1- )x (I lIa)

x =(I + ý)x (I Ib)

0<(4< I

where the components of x are described in equations (10a-c). Through numerical experiments the value of
the parameter ý is chosen to be between 0-4 and ("5. The sources and observation points are distributed
uniformly along several rings (with constant values of z) on the surfaces $?, S., and S1, respectively. The
number of sources M and L and observation points vary for different cases, depending on the shape of the 0
scatterer and frequency. In calculations for different frequencies the positions of the auxiliary surfaces are
kept the same and only the numbers of sources and observation points are changed. For the examples
considered here a typical range for M and L is between 81 and 105 (for all the cases M and L are chosen to be
equal), and for N it is between 177 and 245.

Testing of the method 0
To establish the numerical accuracy of the method, scattering of a vertical incident harmonic plane P wave

by a hemispherical valley studied earlier by Sanchez-Sesma 2 is reconsidered. Clearly, this problem is
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axisymmetric. The surface displacement field at section A is depicted in Figure 2. It is evident frorm Figure 2
that the results of the two independent studies are in excellent agreement. Further testing of the method for
non-axisymmetric cases has also been conducted through comparisons with the results of a hybrid
technique."9 The results of these comparisons have been shown to be very satisfactory.

6

4

2 W
-JoeJ

.- "•' ___ • -• U

0 2

Figure 2. Amplitude of surface displacement spectra for a hemispherical valley and vertical incident P wave and for dimensionless
frequency 0 - 0-866. Material properties of the half-space and the valley are jo = fl I. 1 s= 1.732. ul = 0-3, fl = 00707. 21 = 1-323.
Radius of the valley R = I. Dash, dash-dot and solid lines represent x-, y- and :-components (u. v. w) of the displacement vector.
respectively obtained in this investigation (this convention is used up to Figure 6). The triangles and open circles denote z- and x-

components of the displacement vector by Sanchez-Sesma"I

1. P10. SV 101 SH

60 0 - ~

0' . , .o- . 0- u.Uhi.. . -.E

3010] 16J 101,~

0* 0 0

10 10 10

0 0/

0 ... y0 I . 0 Y
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10- R
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Figure 3. Amplitude of surface displacement spectra for a hemispherical valley of a unit radius R = I at section ' for incident P. SV. SH
and Rayleigh wava (denoted by R) with azimuthal angle of incidence - 0" and off-vertical angle of incidence 9= 0". 30, 60. - 0-5.
Material properties of the half-space and the valley: 14 -= -=, 1 - 2, #I, m t/6, P, - 05. s, - I. Q. - Q,- 100. (Unless stated

differently, all material properties are kept the same)
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Response of hemispherical valleys
Throughout the calculations the intrinsic shear wave velocities of the valley and the half-space are assumed

to be equal to one-half and one, respectively. The Poisson ratio v for all materials is chosen to be 1V'3. Figure 3
shows the surface displacements at section B for incident P, SV. SH and Rayleigh waves with azimuthal angle
4 = 0' (an off-azimuthal case). The dimensionless frequency fl is equal to one-half. For oblique angles of
incidence the displacements in the x- and --- directions due to SH waves and in the y-direction due to P. SV
and Rayleigh waves are entirely produced by P/SV-SH mode conversions. The coupling between SH and
P 'SV modes appears to be much stronger for SH incident waves. For example, in the case of SH waves with
30' off-vertical angle of incidence the resulting peak vertical displacement has an amplitude close to that of
the free field. This characteristic has also been observed in the case of a canyon." 6 It is interesting to note that
for SV waves with 60: angle of incidence and Rayleigh waves the displacement in the x-direction along
section B is very insensitive to the presence of the valley.

Increasing the dimensionless frequency to (0 = 0.75, the surface displacements at section B for incident P.
SV, SH and Rayleigh waves with azimuthal angle 0 = 00 are shown by Figure 4. Comparisons between
Figures 3 and 4 reveal a considerable difference in amplification patterns for all the incident waves. In
particular, a striking difference takes place in the magnitude of the displacement in the x-direction. In
contrast to the results of Figure 3, here the displacement in the x-direction is amplified the most for the case
of SV waves with 600 off-vertical angle of incidence and Rayleigh waves. Furthermore, it is evident from
Figure 4 that increase in frequency has caused a substantial increase in P/SV and SH mode coupling. For
dimensionless frequency f = 0-5, the peak amplitude of displacement in the x-direction due to incident SH

10 1 , 0 10 10.-SH

0 0__ __ _ 0

10.1 1

30,,,

0 0,0

10. 10. 100

0,,0o / \
001 / \

o "_- 1-- 0 /

-2 2 -2 2

10. R

0
-2 2 0

Figure 4. Amplitude of surface displacement spectra for a hemispherical valley at section B and incident P. SV. SH and Rayleigh waves.
R - I. - 0,75,- 0

-- • " I I I
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waves is less than 50 per cent of the free field, but for Q = 0.75 this amplitude is more than twice that of the
free field.

Response of semi-prolate valleys
To study the effect of the valley shape, two types ol semi-prolate basin are considered. Type I valley has a

major to minor axis ratio (a/b) equal to 1[5 and for type 2 valley this ratio is 2. Clearly, these geometries are
non-axisymmetric. Figure 5 displays the surface response at section B for different incident waves for type I
valley. The azimuthal angle of incidence is 00. The displacement in the x-direction due to incident SV and
Rayleigh waves exhibits a remarkable increase in peak amplitude compared to the case of a hemispherical
valley ( Figure 3). The coupling between SH and P/SV modes also appears to be stronger than in the case of a
hemispherical valley. For the same type of valley, Figure 6 shows the surface responses at section A for
different incident waves with azimuthal angle of incidence equal to 900. The amplification pattern for incident
P and Rayleigh waves appears to be similar to the case depicted by Figure 5. However, a notable difference is
observed for the cases of incident SV and SH waves. Namely, for incident SV waves with an off-vertical angle
of incidence of 300 (critical angle), the change in azimuthal angle from 0° to 900 (Figures 5, 6) has reduced the
amplification of the predominant motion by 40 per cent at the centre of the valley. For incident SH waves
with off-vertical angles of 300 and 600, this effect is reversed. It should be emphasized that the differences
between the results for Figures 5 and 6 occur because of the non-axisymmetric nature of the valley.

For type 2 valley, surface responses at section B for incident SH and Rayleigh waves with azimuthal angle
of incidence 0 = 0° are similar 9 to the corresponding cases for type I valley. However, for incident P and SV
waves the amplitudes of motion in the x-direction for type 2 valley are much smaller than the ones for type I
valley (the results are omitted for the- sake of brevity).

10 0p
600 1o-, 10 "

0 0 0__________

100" 10•

-00 0 0

-2 2 -2 2

10.110

10 Y

-2 2

Figure 5. Amplitude of surface displacement spectra for type I valley at section B and incident P. SV. SH and Rayleigh waves. Major
ais a - 1.5. minor aisb- I1. 0 -O5. = OW
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Figure 6. Amplitude of surface displacement spectra for :ype I valley at section A and incident P. SV, SH and Rayleigh waves, a 1- 5.
b - l, Wi,, 0.5. -- 90

Comparisons with two dimensional models
Since computational efforts are greatly reduced for two dimensional approximations, it is beneficial to

use two dimensional models whenever applicable. Therefore, it is of great interest to examine the validity of
two dimensional approximations for some three dimensional models. Clearly, for the off-azimuthal cases
such comparisons are inadequate since the coupling between P/SV and SH modes cannot be accounted for
by using two dimensional models. Here, the azimuthal response of section B for several valley shapes
including hemispherical and the type I and 2 semi-prolates are compared with the corresponding responses
of a two dimensional circular valley. For a plane strain model the responses of circular valleys have been
investigated by Dravinski and Mossian' and the accuracy of their results has been verified through several
independent studies."' 19'" Figure 7 shows the surface responses for horizontal (the y-direction) and vertical
displacements due to incident P waves for different types of valleys. The three dimensional results correspond
to section B with azimuthal angle of incidence equal to -90°. The two dimensional results appear to be in
good agreement with type I and 2 semi-prolate valleys, and in fair agreement with the case of a hemispherical
valley. This agrees with the physical interpretation of the results. As the dimension of the valley in the x-
direction increases, the three dimensional model approaches its two dimensional counterpart.

For incident SV and Rayleigh waves the observed similarities and disagreements with the two dimensional
results are of the same nature as for the case of incident P waves and therefore are omitted to reduce the
number of figures. It should be noted, however, that as the valley becomes more elongated in the x-direction 0
the approach to two dimensional results appears to be particularly uniform for non-predominant compon-
ents of motion.

' " I I III HI m0
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Figure 8 shows the surface responses for incident SH waves. For this case the three dimensional results
have significant disagreements with the two dimensional ones for all three types of valley, although the
differences are still less pronounced for the type 2 valley compared to hemispherical and type I valleys. These
results suggest that the validity of two dimensional approximations is strongly dependent on the type of
incident wave under consideration. For instance, the resulting displacement at the centre of the valley due to
vertical incident SH waves is about two to three times (depending on the shape of the valley) greater than the
one for the two dimensional case, whereas for the case of incident P wave (Figure 7) the difference for the
predominant motion is at most 20 per cent. For the same case, it can be observed that the disagreements with
the two dimensional results are greater for type I valley compared to the spherical valley, despite tne fact that

10 SH (u) / \
600 ,

0

p
0N

1/

oo/ \

30 000

0 0

0-

100

30

10,

0 0

000

-2 0 2

Figure 8. Comparison of surface displacement spectra for incident SH waves (all the parameters and conventions are the same as
Figure 7)
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type I valley is more elongated in the x-direction. These observations indicate that, as the dimension in the x-
direction gets longer, the response may not approach the two dimensional results uniformly.

Increasing the dimensionless frequency to fQ 0-75, Figure 9 displays the surface responses for incident PR
* SV and SH waves (for the sake of brevity the non-predominant motions due to P and SV waves are omitted).

It is evident that increase in frequency has caused a considerable increase in discrepancies between two and
three dimensional results. For dimensionless frequency Q• = 0.5 the results for the spherical valley (Figure 7)
are in fairly good agreement with the ones for the two dimensional case; however for dimensionless frequency
0= 0.75 the differences are very significant. This observation demonstrates that a two dimensional

00
10. SV(v) I \

0 0

0 0 \

I \

I \ .
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/00
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Figure 9. Comparison of surface displacement spectra for predominant components of motion due to vertical incident P, SV and SF1
waves. Q -4>05. Dash and solid lines represent the results for spherical and type I valleys at section B. respectively. The open circles

denote the results for a two dimensional semi-circular valley
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approximation of a three dimensional model may produce reasonable results at certain frequencies but
become completely inadequate for some other frequencies.

Comparisons with three dimensional responses of cylindrical valleys
Recently Khair et al." have considered an interesting model in which the valley is assumed to be in the

form of an infinite cylinder and is subjected to a three dimensional incident wave field. This model can
account for certain three dimensional features (such as coupling between P/SV and SH modes) and at the
same time it retains the computational efficiency of the two dimensional modelling. It is of interest to see how

* well the results of this model agree with the ones for the semi-prolate valleys. Clearly, if the major axis of the
semi-prolate valley is very large compared to its minor axis, the results should be similar to the ones for a
cylindrical valley at stations away from the edges in the x-direction. Figure 10(a) shows the surface responses
for semicircular cylindrical" and semi-prolate valleys (types I and 2) due to incident P waves. The three
dimensional responses correspond to those at section B. The azimuthal and off-vertical angles of incidence
are 0' and 30' respectively. It should be noted that the semi-circular section of the cylinder coincides with
section B. It is apparent in Figure 10(a) that reasonable agreements between the three dimensional and
cylindrical models exist for the displacements in the y- and z-directions. However, for the displacements in
the x-direction there are significant differences between the results. Namely, at the centre of the valley the
three dimensional models predict large amplification, but for the cylindrical valley this component of motion
is de-amplified.

Figure 10(b) shows the surface responses for incident P waves with off-vertical angle of incidence equal to
60°. The disagreements between the results have a surprisingly different nature from the ones for the case of
0 = 30' [Figure 10(a)]. Here the major discrepancies occur for the y- and z-components of displacements. In
particular. for the vertical displacement the differences between three dimensional and cylindrical valleys are
remarkable.

In the cases of incident SV waves the disagreements between the amplification patterns are not as great as
the ones for incident P waves; however, pronounced differences for non-predominant components of
displacement are still present (the results are omitted for the sake of reduction in the number of figures).
Overall, these observations suggest that the approximation of fully three dimensional valleys by such a model
may in some cases lead to very misleading results.

SUMMARY AND CONCLUSIONS

Scattering of steady state plane P, SV, SH and Rayleigh waves by three dimensional dipping layers of
arbitrary shape has been investigated by using an indirect boundary integral equation method. Numerical
examples for different parameters such as geometry of basin, and nature and frequency of the incident wave
are presented.

Systematic comparison between three dimensional and corresponding two dimensional models demon-
strate that the validity of a two dimensional approximation for a given valley shape may be affected strongly
by changes in azimuthal angle of incidence, type of incident wave and frequency. The discrepancies of two
dimensional modelling appear to be much more pronounced for the case of incident SH waves. Furthermore,
it is shown that, as the valley becomes more elongated in the direction perpendicular to the observation
plane. the approach to two dimensional results may not take place uniformly. Another important feature of
the results is the existence of strong coupling between P/SV and SH modes, which has no correspondence in
two dimensional models. Such off-azimuthal mode conversions are particularly strong for incident SH waves.
This characteristic has also been observed for the case of a canyon.IS" 19 Over all, these features indicate the
importance of the three dimensional modelling for studying the seismic response of dipping layers of
arbitrary shape.

It should be pointed out that the method can be applied to the case of a layered valley embedded in a
layered medium. However, this would require the use of Green's functions for the layered medium (e.g. Apsel
and Luco:20 Kundu and Mal" ). For two dimensional cases Dravinski and Mossessian' have demonstrated
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the capability of the method for modelling valleys with several dipping layers embedded in a uniform half-
space. Other alternatives such as h~ybrid techniques appear to be very promising for handling very complex
media (e.g. Mossessian and Dravinski;7" 12 Khair et aW`" is).
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AMPLIFICATION OF ELASTIC WAVES BY A THREE
DIMENSIONAL VALLEY. PART 2: TRANSIENT RESPONSE

TOMI K. MOSSESSIAN* AND MARIJAN DRAVINSKI

Department of Mechanical Engineering. Uni'ersity of Southern California, Los Angeles. Californua 90089, U.S.A.

SUMMARY

Transient response of three dimensional dipping layers of different shapes subjected to incident P, SV, SH and Rayleigh
waves is investigated. The time domain response is constructed from steady state solutions through the Fourier synthesis.
An indirect boundary integral equation method is applied to calculate the required steady state solutions. The material of
the half-space and the layer is assumed to be linear, weakly inelastic, homogeneous and isotropic.

Numerical results show that the maximum amplification of motion is strongly dependent upon the type of incident
wave, the shape of the basin and signal frequency. The change in the shape of the valley from hemispherical to semi-
prolate causes a significant increase in the amplitude of surface waves near the edges; however, the maximum
amplification of motion near the centre of the valley decreases. This phenomenon is especially apparent for the case of an
incident P wave. In comparison to the corresponding two dimensional responses, the amplitude of motion near the centre
of the valley is in geneal higher for three dimensional models.

INTRODUCTION

The literature review in the companion paper' showed that there are only a few studies that have considered
scattering of elastic waves by three dimensional dipping layers. An even fewer number of investigations have
addressed the transient responses of three dimensional basins. Among these, only the work of Lee and
Langston' discusses the time domain solution in studying scattering of P and SH waves by a circular
(axisymmetric) three dimensional basin using a ray technique. However, this solution is limited to a high
frequency range.

In this paper, the time domain response of three dimensional dipping layers of different shapes is studied.
The present work is an extension of the study by Mossessian and DravinskiI in which steady state scattering
of elastic waves by three dimensional dipping layers was considered. The transient response is constructed
from the steady state solutions through the Fourier synthesis. Incident P, SV, SH and Rayleigh waves are
considered. Surface response for several basin shapes, angles of incidence and signal frequencies is presented.
The differences and similarities in wave propagation patterns with respect to responses of two dimensional
models are discussed.

METHOD OF SOLUTION

"The time domain solutions are obtained through the fast Fourier synthesis of steady state responses
calculated at discrete frequencies. The indirect boundary integral equation method developed in the
companion paper by Mossessian and DravinskiI is used to calculate the steady state results. Incident P, SV,
SH and Rayleigh waves are assumed. The incident signal is in the form of the Ricker wavelet ' defined as

u(t) - (x)12/2(ai - 0"5)exp( - a2 ) (1)

a x It/tp

"Presently at Structural Research and Analysis Corp. 1661 Lincoln Blvd. Suite 200. Santa Monica, CA 90404, U.S.A.
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where t. is the predominant period of the wavelet. The Fourier transform of this wavelet has the following
form:

Uutwl - twcIr2 exp( - wr_ 41c-,)

Clearly, U(co) has its maximum at wj, 2:- , tpand it decreases very rapidly at frequencies larger than co,.
For ail the results presented here the frequency domain calculations are done for the range 0 <cw < 3-501 at
equal increments of frequency. For this range 32 to 50 sample frequencies are used to calculate the transient
response.

NUMERICAL RESULTS AND DISCUSSIONS

Spherical and semi-prolate basins considered in this analysis have been defined in equations 10 (a-c) of the
paper by Mossessian and Dravinski.1 To reduce the number of figures only the surface responses for cross
sections y - 0 and x = 0 are presented and they will be referred to as sections A and B, respectively. The
conventions for azimuthal and off-vertical angles of incidence are the same as the ones used in the companion
paper.' Throughout the calculations the shear wave velocities of the basin and the half-space are assumed to
be equal to one-half and. one, respectively. The Poisson ratio v for all materials is chosen to be 1/3. For
convenience a non-dimensional time r = rfl0/b is introduced. Therefore the values of r. throughout the paper*
correspond to non-dimensional predominant periods. It should be noted that the response would remain the
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u MA05

0-1

Figure 1. Surface responses (u. w) for a hemisphencal valley of radius R -I at equally spaeud stations along section A. fair A vertical
incidentP WI 0-c.*m0,90(. T, - 4. Materialproperties ofthe half-seand the valle. pe- 1  -. as -2. )&1 = /6. 01 -OW.

09 M. 0Q Q, 100 (all material properties are kept the samep. The tickmark on the right hand side of each figure Omu the scali for
the unit magnitude of displacements. and r. denote dimensionless time and predominant pesiod. ipectively,
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same for any valley of the same shape (same a"b ratio) as long as the non-dimensional time. shear wave
velocity ratio #/po and Poisson ratios are the same.

Hemispherical valley
Because of the axisymmetric nature of the basin the azimuthal angie of incidence 0 is taken to be equal to

zero for all the results. Surface responses at section A due to an incident P wave are shown in Figure 1. The
predominant period of the signal rp is 4, which corresponds to the fundamental period of a P wave for a flat
layer assumption at the centre of the valley (one-half that of an S wave). In comparison to the corresponding
results for two dimensional valleys' the peak amplitude of predominant motion is about 50 per cent higher
for the three dimensional case. Nevertheless, near the centre of the basin the wave propagation patterns,
namely the arrivals and duration of surface waves, are similar to those of a semi-circular valley. However,
near the edges, the amplitudes of the surface waves are smaller than the ones for the two dimensional case.
This phenomenon is due to the fact that for a spherical type basin the focusing of the surface waves toward
the centre and their spreading away from the centre are much stronger than in the two dimensional case. The
maximum amplification occurs for the second peak of the Ricker wavelet, which is mainly due to constructive
interference of surface waves and the refracted incident wave. The results for a predominant period ofr, - 7
have also been calculated (to reduce the number of figures these results are omitted). The main difference
between these results and the ones for a lower period (t. - 4) is that the surface waves completely disappear.
This is not surprising since the fundamental period is considerably longer than the fundamental period of an
equivalent horizontal layer.

Figure 2 shows the surface responses at section A for a vertical incident SV wave with predominant period
TP, 4. Similar to the two dimensional cases,'- the amplitude and duration of surface waves are much

V
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FiPu I2. Suri responss u. w) for a hemispherical vailey at section A for venrical incidet SV wave. 0 - 0*. 0 - T, 4. R I
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higher for an incident SV wave than the case of an incident P wave (Figure I) However, the maximum 0
amplification of motion for the incident SV wave is much smaller than the case of the incident P wave. In
comparison with two dimensional circular valleys, the peak amplitudes of the predominant motion are about
the same but the amplitude of the surface waves is higher for the three dimensional case. The phase velocity of
the surface waves is about 0-85 (clearly displayed in the non-predominant component of motion), which
compares well with the first higher mode of the Rayleigh waves. Increasing the predominant period of the
incident signal to 7 results in a large reduction of surface wave amplitudes (these resuls are omitted for the 0
sake of brevity).

For incident SV waves with off-vertical angle of incidence 0 - 30* (critical angle) the surface responses at
section A are shown in Figure 3. Here the location of the peak amplitude is shifted to the right of the centre of
the valley and it corresponds to the second peak of the Ricker wavelet. Considering the phase velocities of the
surface waves (apparent in the vertical component of motion) and refracted incident wave, it appears that the
resulting amplitude of the second peak is mainly due to constructive interference of the reflected surface 0
waves travelling towards left and the refracted incident wave (similar observations have been obtained in the
case of two dimensional valleys6).

Figure 4 shows the surface responses at section A due to incident SH waves for three different off-vertical
angles of incidence. Because of symmetry, the only non-zero component of motion at this section is in the y-
direction. It should be noted that for the case of vertical incidence the response of the valley is the same as in
the case of the vertical SV wave, provided that the proper switching of the observation planes and the non- 0
zero displacement components is taken into account. Hence, the observed motion at the centre of the valley is
exactly the same as the one shown in Figure 2. It is evident from Figure 4 that the changes in the off-vertical

0
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angle of incidence have not affected the peak amplitude of motion, however, its location is shifted to the right
side of the centre of the valley. Furthermore, it appears that the duration of motion for the case of e - 60* has
slightly increased. Owing to the complexity of the motion it is hard to analyse the contribution of Love waves
to the observed surface waves.

Figure 5 shows the surface responses at section A due to incident Rayleigh waves. For this case the
amplitudes of secondary surface waves generated from the right edges of the valley are larger than the peak
amplitude of the refracted incident wave. This is especially apparent for the vertical component of motion.
The phase velocities of successive surface waves with dominant vertical motion, generated from the right
edges of the valley, are lower than the ones observed for other incident waves.

I1
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Figure 6 shows the surface responses at section B for an incident P wave with off-vertical angle of incidence 0
0- 30( (off-azimuthal case). For this case all three components of displacements are non-zero. The
displacement component in the y-direction is totally due to P/SV to SH mode conversions. It is interesting to
observe that the peak amplitude of the y-component of motion is comparable with the free-field amplitude of
the horizontal displacement in the x-direction. The rather low phase velocity for this component of motion
may suggest the presence of Love waves. It should be mentioned that the resulting amplitude in the y-
component of motion for corresponding cases of incident SV and Rayleigh waves is about the same as the 0
ones for incident P waves (to reduce the number of figures these results are omitted). However, for incident
SH waves the resulting displacements in the x- and :-directions. which are products of SH to P/SV mode
conversions, are rather large.7 This agrees well with the observations made for the frequency domain results.'
namely that the off-azimuthal mode conversions are much stronger for incident SH waves than for the other
three types of incident wave.

S•iW-prolue vulky
A semi-prolate basin with its major to minor axis ratio equal to two is considered. Computational efforts

needed for this geometry are much higher than what is required for the hemispherical basin. This is mainly
due to the fact that the length of this basin in the x-direction (the major axis) is twice that of the hemispherical
basin. Hence, for the same incident signal the dimensionless frequency with respect to the major axis of the
semi-prolate is twice that of the hemispherical case. To keep the computational efforts in an affordable range
only a few results for shorter periods (r, - 4) are obtained. Figure 7 shows the surface response for vertical
components of motion at sections A and B for a vertical incident P wave with predominant period r, - 4.

SI I



AMPLIFICATION BY A THREE DIMENSIONAL VALLEY.: 2 687

I)

V

-°..........

0 110 2b 36

.... P(30') , B•

Figu~re 6. Suim• responms (k v. w) fora hemispherical valley, at setin B for incident P wave with 4, 0* and 8 W 0. c, -4,R A I

The maximum amplification of the second peak of the Ricker wavelet is considerably smaller than the one for
the corresponding case of the hemispherical basin (Figure 1). This peak amplitude occurs at a later time for
the prolate valley than the hemispherical valley. In contrast to the case of a hemispherical valley, here the
surface waves gene'rated from the surrounding edges of the prolate have to travel different distances to reach
the centre of the valley. Thus the focusing effect near the centre is not as intense as in the case of the
hemispherical valley. Near the edges of section B. however, the amplitudes of the surface waves amlrge
than those for the hemispherical valley, and they have a closer resemblance to the corresponding two
dimensional results. The differences in surface wave propagation pattern for the two sections A and B ame
quite apparent (for the hemispherical case they would be the same). At later times the amplitudes of surface
waves near the edges of section A (longer section) are much larger than those for section B; therefore the

I, • • • m
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duration of motion appears to be longer. It should be mentioned that for incident P waves with S
predominant period r, = 7 hardly any surface waves can be observed."

Figure 8 shows the surface responses at section A for a vertical incident SV wave with azimuthal angle of
incidence 4, -00. The predominant period r. is 7. In contrast to the corresponding case for incident P waves
(not shown here7 ), the surface waves are quite visible here and the duration of motion is much longer.
Changing the azimuthal angle of incidence of 4 = 900, the results at section B are depicted by Figure 9. The
resulting amplitude and duration of surface waves are much lower than in the case shown by Figure 8. 0
However, in comparison with the corresponding case of the hemispherical valley, the amplitudes of the
surface waves are larger. It should be emphasized that the observed differences between the results of
Figures 8 and 9 are due to the non-axisymmetric nature of the basin.

Figure 10 shows the surface responses at sections A and B for vertical incident SH waves with azimuthal
angle of incidence 0 - 00 and predominant period -, = 4. It should be noted that the results for section B in
Figure 10 are the same as those for vertical incident SV waves with azimuthal angle of incidence o - 900. 0
Comparing the results for section B with the ones for the hemispherical valley (Figure 2), the peak amplitudes
are about the same. However, owing to the different arrival times of the surface waves, the wave pattern at
later times is slightly different. Comparisons of the results for sections A and B show significant differences in
wave propagation pattern at later times. For section A the propagation of the surface waves across the valley
appears much more clearly than it does for section B. Also the duration of motion near the edges is much
longer for section A than for section B. It should be pointed out that the slight violations of causality at the 0
initial part of the response (more apparent for section A) are mainly due to numerical inaccuracy at higher
frequencies.

.m m | "0
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SUMMARY AND CONCLUSIONS

Using a boundary integral equation method and Fourier synthesis the transient response of three dimen-
sional valleys of different shapes is investigated. Incident P, SV, SH and Rayleigh waves have been
considered.

The nature of observed differences with the corresponding two dimensional responses appears to be highly
dependent upon the shape of the basin and the type of incident wave under consideration. The amplitude of
"motion near the centre of the valley is in general higher for three dimensional basins; this is especially *
apparent for the case of a hemispherical valley subjected to a vertically incident P wave. However, near the
edges of the valley the amplitude of motion decays faster for three dimensional basins than for two
dimensional ones. Another important feature of the results is that change in the shape of the valley from
spherical to semi-prolate causes a considerable increase in the amplitude of surface waves, especially near the
edges of the valley. The maximum amplifications occurring at the time of direct arrivals decrease, since the
constructive interferences of refracted incident wave with the surface waves are less focused for the semi-
prolate than for a hemispherical basin.

Because of the complexity of the motion in the examples studied here, it is difficult to analyse the specific
contributions of different modes of Love and Rayleigh waves in the total motion. From the high phase
velocity of the surface waves it appears that Rayleigh waves have been dominant .in surface motion for the
class of examples considered here. In order to analyse different surface wave packets. one needs to consider
more elongated basin geometries and short period incident signals. Such an analysis would require 0
considerable computational efforts which are beyond the scope of the present paper.
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TRANSIENT SCATTERING OF ELASTIC WAVES BY
THREE DIMENSIONAL NON-AXISYMMETRIC

DIPPING LAYERS

HOSSEIN ESHRAGHI AND MARtIAN DRAVINSKI

Department of Mechanical Enqineering. University of Southern California. Los Angeles. California 90089-1453. U.S.A.

SUMMARY

Scattering of elastic plane waves by three dimensional non-axisymmetric multiple dipping layers embedded
in an elastic half-space is investigated by using a boundary method. The dipping layer is subjected to
incident Rayleigh waves and oblique incident SH, SV and P waves. For the steady state problem, spherical
wave functions are used to express the unknown scattered field. These functions satisfy the equation of
motion and radiation conditions at infinity but they do not satisfy the stress free boundary conditions on the
surface of the half-space. The boundary and continuity conditions are imposed locally in the least-square
sense at points on the layer interfaces and on the surface of the half-space. The transient response is
constructed from the steady state solution by using Fourier synthesis.

Numerical results are presented for both steady state and transient problems. Steady state problems
include solutions for two non-axisymmetric dipping layers in the form of a prolate. Transient responses are
presented for one and two dipping layer models subjected to incident wave signals in the shape of a Ricker
wavelet. Itis shown that change in azimuthal orientation of the incident wave may significantly change the
surface response of the dipping layer. For the transient problem, response comparison of one and two
dipping layers indicates that the addition of an extra layer may also completely change the response
characteristics of the alluvium. In particular, the delay in arrival of much larger amplitude surface waves by
two dipping layers in comparison with other geometrically compatible models demonstrates the importance
"of the detailed three dimensional modelling of layered irregularities.

INTRODUCTION

Details of scattering phenomena near subsurface inhomogeneities are of great importance in
many branches of science. The theory of scattering of elastic waves is widely applied in non-
destructive testing, in studying the behaviour of composite materials under dynamic loading, in
delineating buried geologic formations in petroleum exploration, and in investigation of strong

. .. -. ground motion amplification in seismology and earthquake engineering. Although the subject
of numerous studies in the past, the analytical complexity of the problem and numerical
difficulties in implementing computational techniques have been major obstacles in studying
realistic models such as three dimensional problems.' With recent advances in computational
techniques it is possible now to investigate these type of problems in more detail.

Among the earlier studies of three dimensional scattering of elastic waves, the works of Day,'
Apsel,s Sanchez-Sesma' and Lee" are of special importance. Day' used the finite element
technique to study scattering of elastic waves by an axisymmetric sedimentary basin. Apsels used
a boundary integral equation (BIE) method to study soil-structure interactions for axisymmetric
scatterers. Sanchez-Sesma6 and Lee 7 used wave expansion techniques to solve similar problems.
Recently, Niwa and Hiroses formulated a BIE method to solve the scattering problem of elastic

0029-5981/91/051009-18S09.00 Received 17 August 1989
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waves by a non-axisymmetric cavity or crack in a three dimensional half-space. Eshraghi and
Dravinski9 , 10 used the wave expansion technique to study scattering of elastic waves by non-
axisymmetric near surface irregularities. Recently, Jiang and Kuribayashi1 1 investigated three
dimensional resonance of axisymmetric sediment-filled valleys. All the papers cited so far dealt
with steady state problems. Lee and Langston1 2 extended the problem to include the transient
solution for an axisymmetric scatterer using the ray method, while Sanchez-Sesma er al.13

considered a similar model through the wave function expansion approach. Still, at the present
time the transient solution for scattering of elastic waves by general three dimensional irregu-
larities has not been fully developed. The main reason for that is the prohibitive amount of
computation required for solving the problems of interest with non-axisymmetric characteristics.
For that reason, a boundary riethod is used in the present study to formulate the steady state
.problem for non-axisymmetric irregularities, from which the transient solution is constructed by S
using Fourier synthesis. The method utilizes the wave function expansion technique which does
not require evaluation of the Green functions. These wave functions can be evaluated easily,
making it feasible to approach transient problems for more general three dimensional models.
For a more detailed review of the literature on scattering of elastic waves, the reader is referred to
recent papers by the present authors.'- 2

0

STATEMENT OF THE PROBLEM

The geometry of the problem is depicted by Figure 1. The problem model consists of an elastic
half-space which contains a finite number of elastic dipping layers of arbitrary shape. The layer
interfaces are considered to be smooth, without sharp corners. Throughout this paper subscriptj
corresponds to either layer domains Dj (j = 0, 1 .... , R) or to the interface C j (J - 1, 2, ... R).
Domain Do denotes the half-space while C, denotes the interface between the half-space and the
first layer. etc. In addition, Co corresponds to the surface z - 0 of the dipping layer and the half-
space. The material of the medium is assumed to be linearly elastic, homogeneous and isotropic.
The half-space is subjected to incident plane SK, SV, P or Rayleigh waves. The steady state
equation of motion in a three dimensional medium, in the absence of body forces, is defined in
terms of the displacement potentials by

(V2 + i)O 1(x, = 0 (1)

(V2 + k2 )Y x, aO) =0 (2)

-... :' '(V 2 + kJ)z,(xw)=0 (3)

xeD1 , j-0,1 ... ,R

where x is a position vector, 0j, IF, and Xj are the three displacement potentials for the jth layer,
h-( = ,/,a) and k,( = w/#1 ) denote the pressure and shear wavenumber, respectively, aj and ft are
the pressure and shear wave velocities, respectively, w is the circular frequency, and V2 denotes
the Laplacian in spherical co-ordinates. A system of unit basis {eI, es, e,) is defined for spherical
co-ordinates (r, 0, 0) according to Figure 1. For the same co-ordinate system the displacement
vector nj can be expressed in terms of three displacement components u., j. and u# according to1"

ej = V~j + V(r') x , + IjV x V x (r e,) (4)

xeDp, j-0,l,. .. R

where I is a scalar factor to give the potentials the same dimension.

I l• •
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Boundary conditions on the surface z - 0 of the dipping layers and the half-space are given by

0"ej 10 oni -C##1O0 (5)

9aMj(Z=O) xeC1, j-0,1,...,

where q,,, cog and eo1 are components of the strePi tensor. Perk c- bouvding On each layer
interfac requires continuity of displacement and traction fields according to

T*-I (1. 0))mai7(x, W) (7)

xeC,, j-1,2:..,R

whorea and T are the displacement and traction Vectors, respectively. Superscript +()
denotes that the interfae as being approached from the outsidle (inside). Expressions for the
components of displacemen~t field and stress tensor in terms of the displacement potentials can be
found in the literature"

For the steady state problem the incident field consists of plane harmonic Rayleigh waves or
oblique incident SfL SV or P waves. For slownes vectors within the xz-plane incident fields arn
defined in previous works by the present authors.'-3 For slowness vector located outside the xx-
plae, the corresponding incident field is obtained through rotation about the z-ams. This
completes the statement of the problem. Solution of the problem is considered wne
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SOLUTION OF THE PROBLEM

As an incident wave strikes interface C,, it is partially scattered back into the half-space Do and
partially transmitted into layer D,. This process continues from one layer to another as the waves
propagate throughout the layered medium. Consequently, the wave field in the half-space consists
of the free-field and the scattered wave field, while the wave field inside each dipping layer consists
of the scattered wave field only. The displacement field can be written in the following form:

80= Uo + 850 (8)
ej-usj, xc-Dj, j=1, 2,.....R (9)

where superscripts s and ff denote the scattered field and free-field, respectively. Scattered wave
fields in this model can be expressed as a linear combination of the spherical wave functions." S
For the half-space, scattered wave fields for the displacement wave potentials are defined
according to

= o, a0h121(hor)P:(cos8)cosmij
,a•O .0O

+ b~h(.1)(h0 r)P"7(cosO)sinm0 (10) •

m 4 nM 4 N, xeD0

T50 a.h12 ((k0r)P11.(cos8)cosm0

+bvh1.2h(k 0r)P=.(cosO)sinmO (11)

m 4 n,M 4 N, xeDo

t o a7 h(2)(kor)P'(cos8)cos m0

+ bf.h'.21(k 0r)P,.(cos)sinm,, (12)

m 4 n,M 4 N, xeDo

For the intemaeate layers according to

4V-o a•oc*h12)(hjr)p:"lcoS9)comm•

"+ dm•h h( .21(hJr) P•?(cos 9) sin mi

+ ethh."(hir) P.(cos9)Cos m
""fh.•h1 (hjr) P7.(co)sin w0 (13)

9rj - Y c'1jh1 21(kjr)P-?(cas8)casi#0
a- 1 M•NxDj-1...R

+ d'.Zh-3
2(kjr)P='(cos8)um0

+ /T., h.1)(kjr) PO(enw 0),i m m#4
+ ch'.vN.D,(k-r)PI(cos89)sws•(14)

m 4n, M 4N, xeD 1,j = , A.,-1 I
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N M

+ dz .'kr .(o )snm

* + e~zh' 1"(kjr)PT(cos8)cosm0

+f zhh "(kjr)P'.(cos B)sinm4, (15)

m <)%M 4N. xeDj,j =1, R- I

and for the innermost layer specified by

* *'jt-L I g::j.(hjtr)P7(cos8)cosm4,

+ l?:j.(hjtr)P0'(coS8)sinm4, (16)

m 4n, M: N,xeDRt

'F, g.Pfj3 (kjr)Pm.(cos8)cosm0

+ lflv~jf(kxr)P-.(cos9)sinmo (17)

m 4n, M4 N, xeDR

- : g~j.(k~r)P"7(cos9)cosns4

+ 1,j*(kjtr)7(,cos8)sinns# (18)
m4nM 4N~xeDt

where h'and h? . are spherical Hankel functions of the first and second kind, respectivelyj, are
spherical Bessel functions of the first kind, PM(cos 9) are associate Legendre polynomiaKsI a.t

* L..., are unknown coefficients, and N and M are the orders of expansions. The wave functions in
equations (10) to (18) are solutions of the equations of motion (equations (1H-3)). The scattered
wave field within the half-space Do (equations (1OH 12)) consists of outgoing waves only, thus
satisfying the radiation conditions at infinity. Scattered waves within the layers D, to D,...1
(equations (13H15)) incorporate both incoming and outgoing waves, while scattered waves
within the innermost. layer Dt (equations (16)-{1)) consist of standing waves only. It can be seen

*that thew wave fuinctions do not satisfy the strePss free boundary conditions on the surface:z - 0 of
the valley and the half-space These conditions must be imposed locally.

Once the scattered field is expressed as a double series of wave functions, according to equations
(10) to (18)ý it is necessary to determine the unknown expansion coefficients. Substitution of the
scattered wave field into the boundary conditions (equation (5)) on the surface z - 0 of the
dipping layer and the half-space at L0 points and into the continuity conditions (equations (6) and

*(7)) onthe surftce of layer interfaces at Lj(j -1, .. A) points results in asystem of linea
equations

Ga -f (19)

wher matrix G and vector f are known and vector a contains all the unknown codlceants. Using
QR decomposition, the system of equations (19) is then solved in the least-square sense. Is

* ~Once these coefficients are found, the displacement and stress fields can be evaluated through-
out the elastic medium.
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This concludes the steady state solution of the problem. Corresponding transient response is
evaluated through the Fourier synthesis.'" 16

NUMERICAL RESULTS

The numerical results are presented for steady state and transient responses of non-axisymmetric
one and two dipping layer models subjected to oblique incident SH, SV and P waves.

Geometry of the layers

For two dipping layers the model geometry is in the form of semi-ellipsoids defined by

x2  y2  z 2c1: ai+ar+-I.=l, >0(20)
a1  a2  a3

C2 : 2+b2 z>0 (21)

where a, and b, are the principal axes of the ellipsoids along the x-axis, a2 and b2 are the principal
axes along the y-axis, and a3 and b3 are the principal axes along the z-axis. For the one dipping
layer model only interface C1 , defined in equation (20), is present. Results are shown for spherical
dipping layers (a, - a2 = a3, b, - b2 = b3) and prolates (a, f a2 = a3 , b, 0 b2 - b3 ) There are
some advantages associated with these choices of model geometry. Prolate dipping layers possess
non-axisymmetric features of a general three dimensional model which facilitate comparison with
existing two dimensional models by extending the prolate in one direction. This serves also as a
test of numerical results since the authors are not aware of any solutions at the present time for
scattering of elastic waves by multiple dipping layers in the literature. A spherical model is
considered because of its simplicity and also for comparison with numerical results for non-
axisymmetric geometries.

Conentions

The slowness vector of the incident wave is specified by two angles, an azimuthal angle of
incidence 0 o and an off-vertical angle of incidence 0o (Figure I). A slowness plane is defined as a
vertical plane which contains the slowness vector. Consequently, the in-plane and out-of-plane 0
motions correspond to displacement fields with components in the slowness plane and perpendi-
cular to that plane, respectively. Throughout, u, v and w correspond to the three components of
the displacement field along the x-, y- and z-axis, respect vely. All distances are normalized in
respect to the half-width of the innermost layer along the y-axis (e.g. b2 for a two dipping layer
model), which is assumed to be of unit length. In addition, the following dimensionless variables
are introduced. The shear modulus and shear wave velocity of the half-space are assumed to equal
unity. The dimensionless shear modulus, shear wave speed and pressure wave speed are denoted
by ;&, Pj and as, respectively, for the jth layer. With all velocities normalized with respect to the
shear wave speed of the half-space and all distances with respect to the half-width of the
innermost layer along the y-axis, the time variable t appears in dimensionless form as welL A
dimensionless frequency 0 is defined as the ratio of the total width of the outermost dipping layer
along the y-axis to the wavelength of the incident shear wave (Q - 2az/,l'). 0

0
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Steady state results

In the absence of any available solution in the literature for the scattering of elastic waves by
two three dimensional dipping layers, the best alternative to test the proposed technique is
through comparison with the results of compatible two dimensional models."' By assigning
relatively large values to the principal axis of the prolates in the direction perpendicular to the
slowness plane, it is expected that, for the incidences with slowness vector in the yz-plane, the
response of the dipping layer for stations along the y-axis resembles that of a similar cylindrical
model. Figure 2 displays the results of a comparison between these two models for an incident SV
wave with slowness vector lying in the yz-plane. The geometry of the models cut by the slowness
plane is shown at the bottom of the figure. Results are presented for a vertical and an oblique

* incidence. It is apparent from these results that a strong similarity exists between the responses of
the two models. Therefore, this served as a verification of the results. Another verification of the
method is through the zero scattering test. Namely, by assuming material properties of the layers
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to be the same as those of the half-space the resulting model should produce no scattered waves.
Results for incident SH waves with slowness vectors lying in the yz-plane are shown in

Figure 3. The model consists of two dipping layers in the form of a prolate. For stations along the
x- and y-axis the displacement field is obtained for different off-vertical incidences. Owing to the
symmetry, the displacement field for stations along the y-axis consists only of the component in
the out-of-plane direction. This is in agreement with the two dimensional antiplane -train modeL
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However, for stations along the x-axis all three components of the displacement field may be
present (P- and SV-mode conversions).

It is interesting at this point to elaborate further on the numerical aspect of the steady state
solution. The method developed here is very sensitive to two sets of parameters. The first one is
the orders of expansion considered for the scattered wave field. The second one is the number of
collocation points and their locations. For the range of frequency studied here, good accuracy can
be obtained with an azimuthal order of expansion M = 3. The second order of expansion N
requires higher values. Steady state results presented in this paper generally require 5 < N < 8 for
good convergence. The number and locations of the collocation points are very important for
accuracy of the results. These points are distributed on elliptical contours on the surface of each
layer C, and C 2, and also on the surface : = 0 of the half-space and the valley Co. On layer
interface C, (interface Cz) these contours are equally spaced at different elevations from z = 0 to
z = a3 (: = b3). For the range of frequency considered here generally six to eight contours are
sufficient. A total of 42 to 72 collocation points for each of the layer interfaces is uniformly
distributed along these contours. On the surface of the half-space and the valley similar elliptical
contours following the shapes of the valley edges are considered. These contours are equally
spaced from the origin up to about twice the width of the valley at the surface of the half-space.
Fifteen contours placed this way atop the valley contained a total of 160 uniformly distributed
collocation points.

In general, the following criteria have been used to establish the convergence of the steady state
results. First, through the zero scattering test (all materials are the same) an initial number of
expansion terms and collocation points is determined. Subsequently, for the actual material of the
half-space and the layers the number of expansion terms and collocation points is increased until
the maximum difference of the surface displacement response for two successive calculations is
judged to be sufficiently small (eg. less than 4 per cent). This concludes the analysis of steady state
numerical results.

Transient results

The incident signal is assumed to be in the form of a Ricker wavelet defined according to"6

f(t) .(a - 05e-, a (X(t t.)) (22)

where :, corresponds to the peak amplitude in the time domain and tp corresponds to &.a angular
frequency co,( - 2x/tp) which is associated with the peak amplitude in the Fourier domain. The

S..""transient response is obtained by using Fourier transform techniques&7 There are several
important parameters which are used in applying the fast Fourier transform (FFM), such as At. w,
and N1, which correspond to sampling time interval, cutoff frequency and number of samples,
respectively. In the present study the cut-off frequency w, is considered to be about two and half
times the characteristic frequency W.

One dipping layer modeL The surface response of a prolate type valley at stations along the x-
and y-axes is depicted by Figures 4 to 6 for incident P and SH Rickr wavelets. To reduce the
number of figures, the results are presented only for the main component of the displacement
field. The main component of motion for incident SH waves corresponds to the out-of-plane
component of the displacement field. For P wave incidences, the main component of the
displacement field is in the direction of propagation of the incident wave. The geometry of the
models and locations of equally spaced stations are shown at the bottom of each figure.
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For a vertically incident P Ricker wavelet, the vertical component of the surface response at
stations A to J along the y-axis is depicte by Figure 4. Seismographs on the surface of the half-
space (G to 1) indicate that the incident signal renasin essentially undisturbed. Hloweve, for
stations atop the dipping layer (A to F) msigificant amplification of the incident signal is evident.
On the surfmac of the half-space there is little disturbanc after the passage of the direct incident
signail. which can be trcked by line AA as it propagates away frm the valley. Lione CC and DD
track the propagation of surface waves toward and away from the centre of the valley,
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Results for an obliquely incident Ricker SH wavelet are depicted by Figure 6. Seismograms in
the first column (second column) are located along the x-axis (y-axis) for the incidence with
slowness vector on the xz-plane (yz-plane) and they display the v- (u-) component of the surface
displacement field which is the main component of the displacement field. The wavelength of the
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incident signal is the same for both modeLLs Seismlographs in the second column disqplay lre

amplifkton of the incident signal than thos in the first column. This deontrae the
importance of the azimuthal orientation of incident waves for three dimensional models.

Two dipping layer model. The surface response of two dipping layer sujce to verticaly
incident Ricker P wavelets at stations along the y-axis is depicted by Figures 7 to 10. The results
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an presented f'or two typos of" valley. The first model consists of two speica dipn layersan
the second model consiss of two dippiglayer wit a• cicua bai an a relatively shallow
depth The geometry of the models atnd locations of equally spce stw aln the ya aure
shown in each figu.

For two spherical dipping layers, the vertical (w-) component of surface response is delpicte for
diferent stations by Figure 7. Seismogpraphs on the surfauce of the hluf-spce (Q to Y) inzdicat that•
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the icident spinl remains essentially undisturbed (neglecting small disturbac traced by lin
AA and BB) On the surface of the innermost layer seismopaphs A to I display the formation and
propagtion of a surfac wave at and from the inner edg (station I) toward the intre of the valley
as ca be tracked by line CC This surface wave amplifes as it convMegs toward the centre of the
valley. Line DD tracks a surface wave as it propagates away from the valley on the surface of the
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immtlayer. The surface wave reduces in amplitude as it diverges away froi the valle ant
This surface wave continues to propagate away from the valley on the surface of the first lay
(fine EZ) aln then on the surface of the half-spawe line FF). It is interesting to obee ve how t.
focusing of the surface waves tracked by fie CC and DD contributes to such a la*

a = m l I I
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amplification at stations around the centre of the valley (e.g. stations A to D for 8 < I < 13). These
surface waves can be better tracked and identified by investigating the horizontal component of
the displacement field where the response consists of a scattered field only. Seismographs in
Figure 8 display the horizontal (v-) component of the displacement field. Lines AA to FF track the
same surface waves as their counterparts in Figure 7 for the vertical component of the
displacement field.

It is interesting to compare the vertical component of the displacement field at the centre of
these two spherical dipping layers with that of compatible two cylindrical dipping layers
subjected to the same type of incidence as in Figure 7. For that purpose, the response of a
cylindrical two dipping layer model, studied previously by the present authors,2 is reconsidered.
Figure 9 displays the response at the centre of the two models. Comparison of these two results
indicates that the amplification of the incident signal for 0 < t < 9 is very similar in both models.
Even the amplitudes of the main peak at about : = 5"5 are almost identical Furthermore, for the
cylindrical model a signal develops at the centre and at about the same time (9 < t < 15) as in the
spherical model, with very similar characteristics but with smaller amplitude. The larger ampli-
tude of this wave signal for the spherical model is due to the constructive interaction and
convergence of surface waves at the centre of the valley. The results of Figure 9 demonstrate the

0 importance of three dimensional modelling for scattering of waves by actual irregularities.
It is interesting to compare the main component of the displacement field (w-component) of the

two dipping layer model with that of a one dipping layer model studied earlier in Figure 5(c).
These two models are compatible in the sense that both include a spherical dipping layer on the
top with identical geometries and material properties. However, the two dipping layer model
includes an additional layer which results in a smoother transition of the material properties from
the soft layer on the top to the hard bed rock (the half-space). Furthermore, the ratios of the
wavelength of the incident wavelet to the width of the soft top layer are the same for both models.
A comparison between the vertical component of surface response at the centre of these two
models indicates that the amplification of an incident signal at early times is more significant for
the one dipping layer model than for the two dipping layer one. However, for the two dipping
layer model much larger amplification of surface waves is observed at later times (9 < t < 15)
than for the one dipping layer model This observation indicates that the presence of sediments
may change substantially the local amplification of ground motion.

Finally, Figure 10 displays the vertical component of the surface response of a shallow two
dipping layer model, subjected to a vertically incident P Ricker waveleL The wavelength of the
incident signal is considered to be the same as for the spherical model However, the depth of this
valley is reduced, in comparison with the spherical model, in order to study the depth dependency

0 of the surface response. On the surface of the half-space (stations Q to Y) the scattered waves are
very insignificant, whereas, for the spherical model (Figure 7) these scattered waves are more
pronounced. Similar surface waves (as in Figure 7) propagate on top of the second layer (stations
J to Q) with smaller amplitudes. On the surface of the inner layer (stations A to 1) both converging
and diverging surface waves to and from the centre of the valley can be observed. The converging
and diverging surface waves tracked by lines CC and DD resemble those of Figure 7. However,
the amplitude of these surface waves is reduced significantly in this model. Reflected converging
and diverging surface waves from the edges of the valley can be identified by lines GG and HH.

The geometric complexity of these models precludes a more detailed examination of the
corresponding response. Nevertheless, the presented results provide sufficient information to
reach a basic understanding of the transient response of a three dimensional multiple dipping
layer subjected to different incident waves. These results indicate deafly the importance of the
surface waves in the resulting ground motion.
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CONCLUSIONS

The amplification of incident plane SH, SV, P and Rayleigh waves by non-axisymmetric three
dimensional multiple dipping layers of arbitrary shapes is investigated by using a boundary
method. Both harmonic and transient incident wave fields are considered.

The presented results demonstrate the importance of three dimensional modeling of actual0
irregularities. It is shown that the surface response of a dipping layer is very sensitive to azimuthal
orientation of the incident signal. The transient response of the spherical two dipping layer model
indicates the significance of the scattered surface waves. These surface waves could have large
amplitudes at stations close to the centre of the valley. The large amplitude of these surface waves,
in comparison with their counterparts in cylindrical models further emphasizes the importance of
three dimensional modelling of actual near surface irregularities. Furthermore, the comparison of
the transient surface response of the compatible spherical one and two dipping layer models
indicates that the presence of an additional layer may produce a substantial change in the surface
response of the model.
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ABSTRACT

* An indirect boundary integral equation method is applied to
study amplification of elastic waves by three dimensional canyons
of arbitrary shape. Model investigated in this study is a general
three dimensional one. Incident plane SH, SV, P and Rayleigh
waves in form of a Ricker wavelet are assumed. Formulation of
the problem is outlined first in the frequency domain. Subsequent
transient solution is obtained through the Fourier synthesis. Sur-
face displacement fields are presented for several canyon shapes
subjected to different types of incident waves. The nature of differ-
ent scattered waves in the near field is examined. In particular, the
waves propagating along the surface of the canyon are identified as
creeping P and S-waves.

INTRODUCTION

Amplification of waves by near surface irregularities has been subject of extensive
investigations in recent years (Aki, 1988). The importance of this problem has been reinforced
through observations of strong ground motion amplification during some recent earthquakes
(e.g., Anderson et ,t., 1986). However, almost the entire theoretical research on this topic
has been done for two dimensional models. Studies on diffraction of elastic waves by three
dimensional near surface irregularities have been limited to axisymmetric scatterers (e.g.,
Lee, 1978; Sanchez Sesma, 1983). Only recently, investigations involving nonaxisymmetric
models have been made available (Mossessian and Dravinski, 1989; Eshraghi and Dravinski,
1989, Luco et at., 1990).

This work is a continuation of research reported in a paper by Mossessian and Dravinski
(1989) in which the steady state solution of the problem has been presented. Transient analysis
of the model is differed to this investigation.
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STATEMENT OF THE PROBLEM

Geometry of the model is depicted by Figure 1. An anelastic half-space -0C < x.
y < D, z _> 0 contains a canyon of arbitrary shape S1 Surface of the half-space DH is
composed of two parts, flat surface SF and irregular surface S1. Surface S1 is defined by
equation z = g(xy) for z > 0, where g(x,y) is some arbitrary function. In this study the
irregular surface is chosen to be sufficiently smooth with no sharp comers being present.
Material of the half-space is assumed to be weakly anelastic, homogeneous and isotropic.
The half-space is subjected to incident plane harmonic P. SV, SH and Rayleigh waves.

Equation of motion for steady state elastic wave propagation is specified by

(X-+gt)VV .u+g•V 2 u+p0o2u=O;,xe DH (1)

where u =(u,v.w) is the displacement vector, x is the position vector and A and p are the Lame
constants. These constants are assumed to be complex numbers to account for anelasticity
(e.g. Aki and Richards, 1980). Throughout the paper the term cxp(iw. t) is understood. Stress
free boundary conditions along the flat surface SF are spec.fied by

Gxz = Cyz = Cyzz = 0, z = 0, x e SF (2)

On irregular surface S1 boundary conditions are of the form

tv=0; xe S1  (3)

where t" is the traction vector at the surface SI with unit nomial v. Usual radiation conditions
should be satisfied by the scattered wave field at infinity.
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METHOD OF SOLUTION

Steady State Solution

Since the steady state part of the solution has been discussed in the prcvious paper
(Mossessian and Dravinski, 1989) only a brief outline of the solution in frequency domain
is presented here.

Total displacement field in the half space D11 is specified by

u= uff+ us; xEDH (4)

where the superscripts ff and s denote the free and scattered wave field, respectively. Follow-
ing an indirect boundary integral equation approach (e.g. Alsel and Luco, 1987; Dravinski
and Mossessian, 1987) the scattered field is assumed to be generated from distribution of
unknown tractions f(y) over an auxiliary surface Sa inside the surface SI (Herrera, 1984).
Hence, the scattered displacement field in the half-space can be written in the form

US = JSa G( x, y) f(y) dSa( y); x e DH (5)

where G is a half-space displacement Green's function tensor (Aki and Richards, 1980). The
element G, 3(x,y) corresponds to the i-th component of the displacement vector at x due to
a unit harmonic force at y acting in the j-th direction. Theoretical development of these
Green's functions is rather involved and their complete explicit forms are available in the
literature (e.g. Mossessian and Dravinski, 1989).

Choosing f(y) to be distributed at discrete points x,,. on the si.-facc Sa. then it follows
from equation (5) that the total wave field can be written in the form (Mossessian and
Dravinski, 1989)

u = uff + G( x, xm)f'n; Xm e Sa; m=l,2,...,M (6)

Here f'. are the unknown magnitudes of the point forces. Throughout the paper summation
over repeated index m is understood.The unknown force magnitudes f... are yet to be deter-
mined for all m. Using equation (6), the components of total traction along the surface SI
become

t = tff + T( x, XM) fro; x e SI; m---l,2,...,M (7)

where tf f is the free-field traction vector and T is the half-space traction Green's function
tensor. The component Tij (x, x,,) corresponds to i-th component of the traction vector at X
due to unit harmonic force at x, acting in the j-th direction. For simplicity, the superscript
v is suppressed. By choosing N observation points along the surface S1 the corresponding
traction field can be stated as follows
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t(xn) = tff(xn) + T(xn, xm) fm; xn e Si; xm E Sa, (8) 0

n = 1,2,...,N; mn = 1,2,.... M

Using equation (8), the traction free boundary condition given by equation (3), assumes the
following form

Gt ft=a; ft = (fl, f2,..., fm)T (9)

where, vector ft contains the unknown force magnitudes and matrix Gj and vector a are
known. Choosing N greater than M, equation (9) is solved in the least square sense. Once
the magnitudes of the forces ft are known, the total wave field within the half-space DH can
be obtained through equation (6).

Transient Solution

Transient solution is obtained from the steady state one by using an inverse Fourier transform
according to

u(x,t) = 1/2x1cL.*r u( x,co ) ei CO t do (104

The temporal part of the incident signal is assumed to be in the form of a Ricker wavelet
(Ricker, 1977) defined by

f(t) = 0/ (x)t2 (a2 - 0.5)e-a 2 ., a - i t/tp (11)

where t, is the predominant period of the wavelet. The Fourier transform of this wavelet has 0
the following form

F(0o) = - t3p (,)2/8,,,2 ,-o)'2 t2 p/4 x,2 (12)

It is apparent that F(w) has a maximum at -' = 27r/t, and that it decreases very fast 0
for frequencies larger than w Consequently, the steady state calculations are done for the
range of frequencies 0 < w :t3.5 w,, at equal frequency intervals. For convenience the time
delay t-t, can be introduced in equation (11) to account for shift in the temporal origin of
the input motion.

NUMERICAL RESULTS AND DISCUSSION

The scatterer in the form of a semiprolate canyon is considered. This geometry can be
defined in parametric form by

S. • n 1 • N mia IU~m~lII• • • I II•|lll I I
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x =a cos(t)cos(s) y= b cos(t) sin(s) z = b sin(t) (13)

05 t 5r/2, 05s<271

* where a and b are the major and minor axis of the prolate, respectively. To reduce the
number of figures, only the results for cross sections y=O and x=O are presented. Incident
waves are plane P, SV, SH, and Rayleigh waves. The azimuthal angle of incidence 00 is
measured counterclockwise (viewed from z < 0) from the negative x-axis (see Figure 1).
The off-vertical angle of incidence 00 is measured form the positive z axis towards vector
r=(x,y), which defines the azimuthal position on the surface of the half-space. The amplitude
of the incident waves are the same as those used by Dravinski and Mossessian (1987).

Testing of the method

Since at the present time the authors are not aware of any results pertinent to transient
scattering of elastic waves by nonaxisymmetric three dimensional scatterers, validation of
the method has been done in the frequency domain. Namely, for steady state results and
axisymmetric scatterers there are available results in the literature which can be used for
testing of the method. The details of the testing have been reported in the paper on steady
state results (Mossessian and Dravinski, 1989) and they can be summarized here as follows.
Surface displacement fields obtained by this method are in excellent agreement with those
obtained by other researchers using different techniques. This was the case for different
incident waves at various frequencies.

For transient results the testing was done in a qualitative manner. This included checking
the time arrivals of direct waves as well as verification of the causality principle for obser-
vation stations at the surface of the canyon and the half space. All numerical calculations
proved to be stable and they could be performed on a standard workstation.

Transient Surface Response of a Canyon

Hemispherical and semiprolate canyons considered in this analysis have been defined
by equation (13). Throughout the paper the following normalization procedure is adopted.
All distances are normalized with respect the principal axis "a" of the canyon which is chosen
to be of a unit length. All velocities are normalized with respect to the shear wave velocity of
the half-space which is assumed to be equal one. The dimensionless time is defined as t //a,
where 3 denotes the half-space S- wave velocity. Poisson ratio v and the shear modulus of
the half-space are taken to be 1/3 and 1, respectively. Consequently, the half-space P-wave
velocity is equal 2.

The Fourier integrals are evaluated by using the fast Fourier transform (FFT) algorithm.
For that purpose each calculation requires certain sampling rateAw and number of samples
N. Transient response is evaluated for stations along the surface of the half-spaceand the
canyon.

Incident SH-Wave. For a vertically incident SH-wave (00 =0, 00 = 0) and a hemi-
spherical canyon surface displacement field along the xz-plane is depicted by Figure 2. First
trace from the bottom corresponds to the station on the half-space being farthest away from
the center of the canyon along the negative x-axis. Similarly, the top trace corresponds to
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the station on the half-spacc which is farthest away from tile center of the canyon along the
positive x-axis. Intermediate stations are chosen in such a way that the distance between
them remains the same regardless whether the stations are along the surface of the half-space
or the canyon. Therefore, 21 central traces in each figure correspond to the canyon stations.
The remaining traces correspond to the half-space stations. Since the distances between the
•all,•ns oil ite surlace of the canyon are presented as being rectified it is possible to deter-
mine the apparent vclocity of tile waves propagating along the surface of the half-space and
the canyon directly from-the figures. Namely. if the time arrivals of wave peaks are marked.
then for a wave propagating with a constant phase velocity, the markings will lie on a straight
line with a slope corresponding to that phase speed. This convention is being used for the
responses cvaluated in the the yz-plane as well (with appropriate change of axes).

SH wave

T0

DC 2.5 5 05 o0.0

time

Figure 2. Horizontal component (v) of surface displacement field for a hemispherical
canyon of unit radius subjected to a vertical incident SH Ricker wavelet for 45
different observation stations along the surface of the half-space and the canyon
in the y=0 plane. The stations are symmetrically spaced at equal distances A =
0.157 in the range -2.884 < x < 2.884. The response unit amplitude is marked on
the right vertical side of the figure window. If not stated differently the following
parameters are kept the same: Incident wave parameters: tP = 2, t, = 2.2, 0(
W0, o0 = 0'. FFT parameters: Number of samples N = 128. Material properties

of the half-space: ;3 = P = 1, a = 2, attenuation faciors for P and S-waves (after
Aki and Richards, 1980) Q0 = Q,3 = 100.

Due to symmetry thie only non-zero displacement component is along the y-axis. The
v-component of displacement is called the predominant one for this incident wave. It is
apparent from Figure 2 that presence of the canyon caused great change of the frec-field

• .. i II l II I I I
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response which would be present in the half-space in absence of any irregularities. In
particular, it should be emphasized increase in duration of the response for stations along the
surface of the canyon in comparison to the stations along the surface of the half-space.

Diffracted body S-wave propagating away from the edges of the canyon can be observed
as wcll. The one propagating along the negative x-axis is marked by a dash line. Apparently.
the amplitude of the body waves diffracted by the canyon edges is very small in comparison
to that of a direct wave.

In addition to the waves traveling along the surface of the half-space one can observe
the waves propagating along the surface of the canyon. Their peaks are marked with solid
circles. From Figure 2 the apparent speed of the waves along the canyon surface is found
to be equal to the shear wave speed 3 of the half-space.These waves are called the creeping
waves. Since the particle motion of the creeping wave in Figure 2 is perpendicular to its
direction of propagation the wave is of the S-type. Kawase (1988) observed the creeping
waves in studying SH incidence upon a two-dimensional semicircular canyon.

For the same geometry of the canyon and an oblique incident SH-wave surface response
in the yz-plane is depicted by Figure 3. To emphasize the importance of mode conversion
only the non-predominant components of displacement field (u and w) are displayed. These
components are entirely produced by SH to P/SV mode conversions and they are not present
in two-dimensional models. Evidently, the non-predominant components of motion may have
substantial amplitude. One cin detect presence of Rayleigh waves propagating away from
the edges of the canyon. The phase shift between horizontal and vertical components of
motion, which is characteristic of Rayleigh waves, can be clearly observed. To elaborate
upon this further Figure 4 displays a phase plot for observation station (0. -2.884. 0) (bottom
traces in Figure 3). The phase plot demonstrates overall the Rayleigh type of motion along

*( the surface of the half-space.
Another important feature exhibited by Figures 2 and 3 is dependence of surface motion

amplilication upon azimuthal orientation of the observation stations relative to the incident
wave. This further emphasizes the need for three dimensional modeling of actual irregulari-
ties.

In addition to Rayleigh waves one can observe in Figure 3 the presence of the creeping
waves as well. The one marked for the vertical component of motion travels with speed of
the half-space P-waves and the one marked for the horizontal component of motion travels
with apparent velocity of the half-space S-waves. The former is identified as the creeping
P-wave while the latter one is recognized as the creeping S-wave. It should be noted that,
since the canyon waves travel along a curved path. the polarization of these waves may
not be so obvious. However, near the canyon edge, creeping P-wave results in a vertical
predominant motion while creeping S-wave produces horizontal predominant motion. Based
on this, and the observed apparent velocity of the creeping waves, it is possible to asses their
nature on a case by case basis.

As the shape of the canyon changes from a hemispherical to a semiprolate one expects
to see change in surface response patterns. To examine this, transient response for a prolate
canyon subjected to a vertical incident SH Ricker wavelet is considered next. Figure 5
displays the predominant component of motion in the xz-plane.

Apparently. reduction in canyon depth (compare Figures 2 and 5) produced reduction
in amplitude of the body waves diffracted by the canyon edges. These waves could be
clearly detected for the hemispherical canyon (Figure 2) while they are barely visible for a
serniprolate canyon.
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SH wave

0.0 2.5 5.0 7.5 1O00

6trme

SH wave

W0

Figure 3. Vertical component (w) and horizontal component (u) of the surface dis-0
placemcnt field for a hemispherical canyon of unit radius subjected to an incident
SH Ricker wavelet. 45 observation stations are symmetrically spaced in the
yz-pianc for -2.884 < y :ý 2.884 (.\0.157). Oo 3 0'. oa = 0'.
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* Phase Plto at Staion~ (0.-2-9.0)

0, 1

0.05-

-0.05- r

-0-0. 154

-0,2012 -0.1 .0.09 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 U

Figure 4. Phase plot for the station (0,-2.884,0), which corresponds to the bottom
trace of Figure 3, for a hemispherical canyon and obliquely incident SH Ricker
wavelet. Oc =3Q0, 00 =0. The arrows indicate the evolution of the phase plot
with time.

* SH wove

V

0. . time 0.510

Figure 5. Horizontal component (v) of surface response for a semniprolate canyon in
the xz-plane subjected to a vertically incident SH Ricker wavelet. a=l, b--0.7,
-2.614 < x < 2.614 for 45 stations (AŽ = 0. 1345).
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Comparison of Figures 2, 3, and 5 suggests that most of the scattered wave cncr,.• •
is converted into Rayleigh waves and considerably less into body waves diffracted by the 0
canyon edges.

In addition to diffrlicid waives one can observe in Figure 5 the creeping S-waves a.,
\c. ,

Therefore, the results for incident SH-waves can be summarized as follows: Rayleigh
xIavcýs can be clearly observed. Very strong SH to P/SV mode conversion can be detected
and this phenomena does not exist in two-dimensional models. Reduction of canyon depth 0
rcsulted in decrease of surface wave content of the ground motion. Both P- and S-creeping
waves are observed propagating along the canyon surface. Most of the energy radiates away
from the scatterer in form of the surface waves rather than body waves diffracted by the
canyon edges.

Incident P-Waves. For a vertically incident P-wave and a semiprolate canyon surface
displacement field in xz-plane is depicted by Figure 6. Due to symmetry only two components
of motion are present. Rayleigh waves can be clearly seen propagating away from the edges
of fhe canyon. They are marked by dash lines. The speed of the surface waves. cj•=O.94.
determined from the figure, is in excellent agreement with the theoretical value c,,=0.93-1.
In addition, the appropriate phase shift between the horizontal and vertical component of
surface motion can be observed as well. Creeping P-waves are observed for the horizontal
component u w;hile the ones of the S-type are not detected. S

For a hemispherical canyon and a vertically incident P-wave surface response for xz-
plane is very similar to the response of a semiprolate canyon and is therefore omitted.
However. as in the case of SH inci.:-nce. larger canyon depth produced more pronounced
surface waves in the resulting grourn, motion and greater amplification at the edges of the
canyon.

For the same incident wave and geometrv of the canyon surface motion in the yz-plane 0
is shown by Figure 7. From comparison of Figures 6 and 7 it is evident that surface wave
content of motion is greater along the yz-plane than for the xz-plane. This can be measured
in terms of surface waves amplitudes as they propagate away from the canyon which is
espccially evident for the nonpredominant components of motion u and v.

It is evident from Figure 7 that in the yz-plane only the creeping P-waves are observed
with clarity. 0

Incident SV-Wave. Figure 8 displays surface displacement field for a hemispherical
canyon subjected to a vertically incident SV-wave. The motion is evaluated along the xz-
plane. Consequently, only two components of motion are present and the predominant motion
is along the x-axis. In addition to Rayleigh waves one can detect presence of the creeping
waves for both components of motion. These waves are of the P- and of the S-type.

It should be noted that in comparison to SH and P incidence the SV incident wave
produced considerably longer duration of surface ground motion for the same shape of the
scatterer.

Furthermore, larger amplification of ground motion can be detected near ihc canyon
cdgcs libr predominant componcnt of motion for SV ilcidctcc dihan fOr SII incidcicc. IFol
all oblique incident SV-wave ihe results are depicted by Figure P I-v idi' 001V. a mtl h t1or0
Conjl)l•Jialcd pail ten " of surface inotion emerges in thiis casc. Th1us, suLlacC IIotioi1 appcars %
ito bc %cry sensitive upon the orientation of the incident wave. Change from a vertical to an
oblique incidence resulted in significant change of motion pattern for both components of
displacement field. Still, the basic features remain the same: Large amplification of motion

• • i I I i I I I i i0
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p wave

0 0__ 2__5_ ____ __7_5__10__ 0
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0 0 2.5 ' 5.0 7 5 i0 0
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Figure 6. Vertical (w) and horizontal (u) components of surface displacement field in
the xz-planc for a vertically incident P Ricker wavelet and a semniprolate canyon
a=], b=0.7. -2.614 < x < 2.614 for 45 stations (A~ = 0.1345).
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P wave

0 0 2.5 -,5 0 7 5 10 0

time

P wave

0 00. 751

time

Figure 7. Vertical (w) and horizontal (v) components of surface displacement field
in yz-plane for a vertically incident P Ricker wavelet and a semniprolate canyon
a=l, b=0.7. -2.0195 < y < 2.0195 at 45 stations (A\ = 0. 11).
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* SV wave
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U
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0.0 2.5 t ne5.0 715 10.0

SV Wave
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Figure 8. Vertical (w) and horizontal (u) comnponents of surface displacement field
in the xz-plane for a vertically incident SV Ricker wavelet and a hemispherical
canyon of unit radius. -2.884 < x < 2.884 at 45 stations G-% = 0. 157).
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SV wave

..... ........ .... ....
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t),m e

SV wove

WS
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time

Figure 9. Vertical (w) and horizontal (u) cornponcnts of surface displacemntlici "cd in
the xz-planc for an oblique incident SV Ricker wavelet A, =, 30'. c), = 0) and
a hemispherical canyon of unit radius. -2.884 K x < 2.884 at 45 stations (
0.157).
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near the canyon edges. significant presence of Raylcigh waves, and large duration of motion
atop the canyon in comparison to duration of the free-field motion.

Change from a hemispherical to a semiprolate canyon for SV incidence produced similar
results as discussed for SH and P-wave incidence and they are omitted in order to reduce the
number of figures.

Incident Rayleigh Waves. For a semiprolatc canyon and Rayleigh wave incidence
corresponding surface displacement field is presented by Figure 10. Since the wavelength of
the incoming wave is fairly large in comparison to the size of the canyon very little blocking
effect can be observed due to the canyon. Amplification by the canyon edges is present but
it is considerably smaller than for incident SH, P. or SV-waves. If the azimuthal angle of
incidence ol is changed from zero to 900 and the motion is evaluated in the yz-plane instead
in the xz-plane the resulting surface displacement pattern is similar to the one depicted by
Figure 10 the only difference being that the amplification by the canyon edges is increased.
This result is in agreement with those of Figures 6 and 7 for incident P-waves. Consequently,
the results along the yz-plane are omitted.

If the wavelength of the incident Rayleigh wave is reduced to tp=l the resulting surface
displacement field is displayed by Figure 11. Apparently, as the wavelength of the incident
wave becomes shorter the blocking effect of the canyon becomes significant. The results of
Figure 10 show practically no blocking effect due to the canyon. However, the results of
Figure I 1 show that the blocking of the surface waves by the canyon becomes significant.
This phenomenon has been observed for two-dimensional models as well (Wong, 1982:
Kawasc, 1988). For the three dimensional models studied here the blocking effect is smaller
than for the two dimensional models.

It is interesting to observe from Figure 11 the waves diffracted by the canyon edges.
These waves appear to be diffracted P, SV, and Rayleigh waves. Furthermore, one should
note significant amplification of the surface motion near the edges of the canyon which is
not observed for Rayleigh wave incidence.with larger period t, (Figure 10).

CONCLUSIONS

Transient response for a three dimensional canyon of arbitrary shape embedded within a
viscoelastic half space and subjected to plane SH, P, SV, and Rayleigh waves is investigated
by using an indirect boundary integral equation method. Nu -erical results are presented for
incident waves in form of a Ricker wavelet and for a prolate type of canyon. The results
demonstrate the importance of three dimensional modeling. This is particularly true for the
SH-wave incidence were it is shown that SH to P/SV mode conversion is very important
and that this process can result in significant displacement field which is not represented by
two dimensional antiplane strain model. Furthermore, it is shown that :ýe results may be
very sensitive upon the azimuthal orientation of the incident waves which implies that thc
nonaxisymmctric nature of the problem must be taken into account in order to model the
resuhing displacement field accurately.

The scattered P and S-waves generated by the canyon edges are observed propagating
along the surface of the canyon. in addition, the scattered Rayleigh waves propagating along
the surface of the half-space away from the canyon appear to have significant amplitude in
comparison to the scattered body P and SV-wavcs. Thus it appears that most of the scattered
energy dissipates away from the canyon in the form of Rayleigh waves.
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Figure 10. Vertical (w) and horizontal (u) components of surface displacement field
in the xz-planc for an incident Rayleigh Ricker wavelet ((P =0) and a semiprolate
canyon a=l, b=0.7. -2.614 < x < 2.614 at 45 stations (A\ = 0.1345).
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Figure 11. Vertical (w) and horizontal (u) components of surface displacement field in
the xz-planc for an incident Raylcigh Ricker wavelct and a hemispherical canyon
of unit radius. t,=], t,~=I 2 . - 2.884 < x < 2.884 at 45 stations (\=0.157).
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The so called blocking effect of the canyon for incident Rayleigh waves is observed
for shorter wavelengths of the incident wave. The blocking effect is judged to be smaller
than in the corresponding two dimensional cases. The same effect is not observed for large
wavelengths of Rayleigh waves.

Change from a hemispherical canyon to a semiprolate canyon (reduction of the canyon
depth) resulted in smaller amplification of the surface ground motion.

Finally, the creeping P and S-waves propagating along the surface of the canyon have
been identilied.
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A Hybrid Approach for Scattering of Elastic Waves by
Three-Dimensional Irregularities of Arbitrary Shape
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A hybrid technique is developed for studying scattering of elastic waves by
non-axisymmctric three-dimensional near-surface inhomogeneities. The technique
combines an indirect boundary integral equation method with the finite element
approach. Special emphasis is placed on inhomogeneities in the form of dipping layers
embedded in a half-space and subjected to plane incident P, SV, SH, and Rayleigh waves.

The accuracy and efficiency of the hybrid technique are examined through several
numerical examples. The comparisons with the results obtained by a boundary integral
equation method validate the accuracy of the hybrid technique. The versatility of the
method is demonstrated by considering several types of inhomogeneous basins containing
multiple horizontal and dipping layers. It is found that the numerical efficiency of the
hybrid technique becomes much higher than that of the boundary integral equation
methods as the structure of the inhomogeneities gets more complex.

1. Introduction

The extent of the damage in the central part of Mexico City due to the Michoacan.
Mexico earthquake of September 19, 1985, was remarkably severe considering the long
epicentral distance of 350km (Anderson et al., 1986). Nearly all the buildings that
collapsed during the earthquake of September 19, were located in the central portion
of Mexico City, while the damage in the surrounding area was minimal. The central
part of Mexico City is founded on a lake bed zone formed by clay deposits which are
considerably softer than the alluvium of the surrounding hilly zone. In the two second
period, the acceleration response at the lake zone was about ten times greater than that
of outlying districts (Anderson et al., 1986). Thus, it appears that subsoil structure
played an important role in the resulting pattern and extent of damages in Mexico City
during the earthquake of September 19, 1985.

Observations from previous earthquakes in the "',alley of Mexico (Zeevaert, 1964)
show that in sp~te of differences in source mechanism and epicentral distances.
accelerograms at the lake bed zone are similar with the low frequency oscillations known
as resonant excitation of the sedimentary basin (Anderson et al., 1986). Analysis of
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earthquake damages at other locations, e.g., Lima. Peru earthquake of 1974 (Repetto
ct al.. 1980), indicates that the areas of intense damage atop alluvium can be highly
localized. Since many other highly populated areas are located on sedimentary basins.
the study of their response to seismic waves is of great interest in earthquake engineering
and strong ground motion seismology (Aki, 1988).

Experimental studies of Kagami et al. (1982). Kagami el al. (1986), and King and
Tucker (1984). as well as theoretical studies by Bouchon and Aki (1977), Bard and
Bouchon (1980a. b) and Dravinski (1982a, b, c, 1983) have shown that presence of S
sediment-filled valley may cause very large localized amplification of surface ground
motion. Studies of microtremors and strong ground motion in deep alluvial basins by
Kagami et al. (1982). Kagami et al. (1986), King and Tucker (1984). and Bard and
Bouchon (1985) show that there appears to be a resonant-type behavior of the valley.
This can be explained only if there are interactions between horizontal and vertical
waves within the valley. Thus, for thorough uaiderstanding of seismic response of deep
alluvial valleys it is necessary to study the problem of amplification of the surface
ground motion by subsurface irregularities using two- and three-dimensional models.

Modeling the amplification of seismic waves due to scattering by subsurface
irregularities is characterized. by considerable complexities. Better understanding of the
site amplification effects requires more realistic models, which in turn should account
precisely for complex geometry and the material properties of the actual alluvial valley. 0
For that reason, it is necessary to develop methods capable of incorporating these
requirements in studying the problems of site amplification effects.

Scattering of seismic waves by an alluvial valley may be solved analytically or
numerically. Analytical solutions are limited to very simple geometries and linear
materials (e.g., Trifunac, 1971). Most commonly used numerical methods, finite elements
and finite differences, on the other hand, require the discretization of the entire solution S
domain. This makes such procedures inefficient for geotechnical problems which involve
very large characteristic length. However, they have the advantage in their applicability
to problems with complex geometries and varying material properties (e.g., Smith, 1975;
Zahradnik and Hron, 1987).

For the problems of scattering of seismic waves by irregularities with moderately
shallow slopes Aki and Lamer (1970) have developed a technique using the so-called
Rayleigh hypothesis. The method is applicable to wavelengths which are either larger
than or of the order of the dimension of the irregularities. Bouchon (1973) and Bard
and Bouchon (1980 a, b) used this method to study the seismic response of sediment-filled
valleys subjected to incident P, SV, and SH waves. Bouchon and Aki (1977) extended
the Aki-Larner method to study the near field of a seismic source in a layered medium
with irregular interfaces. Bard and Gariel (1986) have developed an extension of.the
technique to study seismic response of basins with large vertical velocity gradient. They
presented results for SH waves only.

Other methods shown to be very effective for studying the wave scattering in
geotechnical problems involving unbounded domains are the boundary integral
equation methods (BIEM) (Dravinski, 1982a, b, c, 1983; Dravinski and Mossessian.
1987 a, b; Rizzo ei al., 1985; Sinchez-Sesma and Rosenblueth, 1979; Wong, 1982). These
methods require onl) discretization of the boundary of the scatterers (Cole et al., 1978),
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and the rediation conditions at infinity can be modeled exactly. A disadvantage of
BIEM is the large computational efforts needed for evaluation of the half-space Green's
functions. For plain strain and three-dimensional models the Green's functions cannot
be expressed in a simple form. Several alternative techniques have been proposed to
avoid this difficulty. One way is to use the full-space Green's functions and then impose
the traction-free boundary conditions on part of the free surface (Niwa et al.. 1986).
This approach has several drawbacks. First. the required size of the free surface to
stimulate a half-space is not clear beforehand since it is dependent upon frequency. the
shape of the irregularity and the type of incident wave. Therefore, extensive testing is
required for each case. Another disadvantage of this approach becomes apparent in
the three-dimensional cases (Niwa and Hirose, 1987). Since the required number of
boundary elements on the free surface becomes very large (larger than what is required
for the scatterer itself), the size of the Green's function matrix needed for this method
grows substantially. Therefore, required amount of memory and computation time is
greatly increased. Kawase and Aki (1989) have used an alternate approach to study
transient responses of two-dimensional sedimentary basin. The technique combines the
direct boundary element method with the discrete wavenumber Green's functions. In
this approach the infinite integrals are transformed into infinite sums over discrete
vwavenumbcrs under the assumption of periodicity (Bouchon and Aki. 1977). Due to

periodicity assumption, the solution is valid until the arrival time of scattered waves
from adjacent irregularities. Therefore, detailed testing is needed to determine a suitable
periodicity length which avoids contamination from neighboring fictitious structures.

Another boundary method suitable for problems of scattering of elastic waves in
an infinite media is the wave function expansion approach (Eshraghi and Dravinski.
1988 a. b: S:nchez-Sesma, 1983). The method makes use of the C-complete family of
wave functions (Herrera and Sabina, (978) which can be evaluated very efciently.
However. the wave functions in general do not satisfy the traction-free boundary
conditions. These boundary conditions have to be imposed on part of the free surface.
Therefore. the disadvantages of this method are similar to the case of the BIEM with
use of full-space Green's functions mentioned earlier.

For high frequency range, the ray methods and Gaussian beam technique appear
to be very effective (e.g., Hong and Helmberger. 1978: Moczo ei al.. 1987: Nowack
and Aki. 1984). These methods are relatively fast and they are applicable to
inhomogeneous basins with complex geometries. As demonstrated by Moczo et al.
(1987) such techniques cannot produce correct results for wavelengths larger than the
minimum radius of curvature of the basin boundary. However, in higher frequency
range these methods can compliment other low frequency methods mentioned earlier
(BIEM. discrete wavenumber method, finite element and finite differences).

In recent years, hybrid techniques which combine the boundary integral equation
methods (BIEM) with the finite element approach have proved to be very effective for
studying various problems of interest in engineering mechanics, earthquake engineering
and seismology (e.g., Beskos and Spyrakos, 1984; Kobayashi et al., 1986; Mossessian
and Dravinski. 1987). The main advantage of the hybrid techniques is that it utilizes
the versatility of the finite element method for detailed modeling of the near field and
the effectiveness of the BIEM in the far field (Berg, 1984: Zienkiewicz et ai.. 1977). For
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extensive review of the literature on the subject the reader is referred to articles by
Wong et al. (1985), Beskos (1987), and Mossessian and Dravinski (1987). These papers
show that at the present time, there are very few studies that have applied the hybrid
techniques to problems of scattering of elastic wave by non-axisymmetric three-
dimensional near-surface irregularities. One of the most complex models considered in
the literature to date is due to Kobayashi et al. (1986), who investigated the steady
state response of a non-axisymmetric three-dimensional structure embedded in a visco-
elastic half-space. They applied a hybrid technique which utilizes a direct BIEM using
full-space Green's functions. The advantage of this approach is that it avoids the ex-
tensive computational efforts needed for calculation of the half-space Green's functions
(Dravinski and Mossessian, 1988). However, one needs to impose the traction-free
boundary conditions on part of the free surface, which results in the drawbacks discussed
earlier.

In this paper, applicability of a hybrid method to problems of scattering of elastic 0
waves by non-axisymmetric three-dimensional subsurface inhomogeneities is investi-
gated. The present work is an extension of the recent study done by Mossessian and
Dravinski (1987) in which they investigated seismic responses of two-dimensional dipping
layers of arbitrary shapes. The hybrid method combines an indirect boundary integral
equation approach (Dravinski and Mossessian. 1987a: Mossessian, 1989: Mossessian
and Dravinski. 1989) with the finite element technique. Incident plane harmonic P, SV,
SH. and Rayleigh waves are assumed. General formulation of the method is presented.
Testing of the accuracy of the technique is performed through comparisons with the
results obtained by the indirect boundary integral equation method (Mossessian, 1989)
for a homogeneous dipping layer. The capability of the method is demonstrated by
considering several types of inhomogeneous basins containing multiple horizontal and
dipping layers. The effects of horizontal and dipping type layering on seismic response
of the basin are examined. Finally, the efficiency of the method in comparison to the
boundary methods is discussed.

2. Statement of the Problem

Geometry of the problem is depicted by Fig. l(a). Interior region D, is assrimed to
include all the irregularities which may contain inhomogeneous and nonisotropic
materials. Material of the exterior region of the half-space DE is assumed to be linearly
elastic, homogeneous and isotropic. Boundary B defines the interface between regions
D, and DE. Incident wave is assumed to bea plane harmonic P, SV. SH or Rayleigh wave.

Equation of motion for a steady state wave propagation is specified by

divv+pw2 u=O; xeDIuDE. (1)

where a and u denote the stress tensor and displacement vector, respectively, x is a
position vector, p is the mass density, and (v is the circular frequency. Stress-free
boundary conditions along the surface of the half-space are specified by

lu=-•,.=u..=O ; :=0 and xeDIuDE. (2)

Usual radiation conditions should be satisfied by the scattered wave field at infinity.
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Fig. I. (a) Geometry of the problem. (b) Basin model.

For this study, we choose region D1 to consist of several horizontal or dipping
layers (D,, i= I, • ", R) which are perfectly bonded together, overlaying a half-space
Do (Fig. 1(b)). Interfaces C• between the layers need not be smooth. Continuity of the
displacement and the traction field along interfaces Cs, j= 1, 2, • -, R is specified by

uj-,--.;; xeCs (3)

where the subscripts + and - denote that the interface is being approached from the
outside and the inside, respectively, and ts denotes the traction vector at a surface Cj
with an outward unit normal v,.

3. Method of Solution

The interior region D,, is modeled by using the finite element method and the
exterior region DE is modeled by using an indirect boundary integral equation approach.
Complete solution of the problem is then obtained by imposing the continuity conditions
along the boundary B.-

The finite element analysis of the interior region is considered first.
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4. Finite Element Analysis 0
By discretizing the continuum of the interior region D, into a set of finite elements.

the equation of motion for each element can be written in the following form
(Zienkiewicz. 1977):

Kuet - cowMme=- re*; x e DI, (5)

where K,* and Me are the stiffness and mass matrices, respectively, r* is the vector of
nodal point forces due to surface tractions, and u, contains the nodal displacements of
the element.

Applying the piecewise-uniform traction approximation (i.e., the tractions are
assumed to be constant along the face of each element) at the boundary of an element.
* reduces to

r4* = R:,t (6)

where Re is the matrix which transforms the traction vector t,' into the nodal force
vector r4*. Hence. the equation of motion (5) can be written in the following form:

Kel, = Rte, (7)

where the matrix K, is defined by

K,= K,* - ' 2 M,. (8)

The matrices K, and R, are computed for each element and assembled into global
matrices K and R. Therefore, the equation of motion becomes

Ka = Rt'; x c-DA. (9)

Here. u and t' represent all the nodal displacements and tractions in the region D,.
respectively. The nodal displacement u5 at the boundary B can be separated from the
interior nodal displacement um. Subsequently, the nodal displacement vector u becomes

u= (u1 , U5)T, (10)

where the superscript T denotes the transpose. Partitioning of the matrices in Eq. (9)

results in the following equation:E i4 KI8][uJ = ~1[R,, RIB qP
KB, KRJ LumJ RBI R..]tJ LII)

Since for the problem at hand only the boundary B would be subjected to surface 0
tractions, there would be no nodal forces of the interior nodes, i.e., t•v= RI= R3, = 0,
Thus, u, can be eliminated from Eq. (II) to obtain the following result:

LmB = RBYtP , (12)

where

L = - KI, ' g + Kgas. (13)

J. Phys. Earth

0



Hybrid Approach for Scattering of Elastic Waves 247

This completes the analysis of the finite element formulation for the interior region
D,. It should be emphasized that Eq. (12) relates the nodal displacements u5 with nodal
tractions tu on the boundary B.

Formulation of the problem in the exterior region DE is considered next.

5. Boundary Integral Equation Analysis

The total displacement field in the exterior region is specified by
UE= 4 +14; xE DE, (14)

where the superscripts ff and s denote the free and the scattered wave field, respectively.
Following an indirect boundary integral equation approach (Dravinski and Mossessian.
1987a; Mossessian and Dravinski, 1989) the scattered field is assumed to be generated
from distribution of unknown tractionsf(y) on an auxiliary surface S. inside the surface
B. Hence the scattered displacement field in the half-space can be written in the form

uE = { G(xy)f(y)dS.(y), xeDE, (15)

where G is a half-space displacement Green's function tensor (Aki and Richards, 1980).
The element Gij(x, y) corresponds to the i-th component of the displacement vector at
x due to a unit harmonic force at y acting in thej-th direction. Theoretical development
of these Green's functions is rather involved and their complete explicit forms can be
found in the article by Mossessian and Dravinski (1989).

Choosing f(y) to be concentrated at discrete points of the surface S., it can be
shown (Mossessian, 1989, Mossessian and Dravinski, 1989) that the total wave field
takes the following form:

UE = U1E+ G(X, x,)fP; x. C S., m= 1, 2, M . (16)

Here x. are chosen and the unknown force magnitudes"' are yet to be determined
for all m. Throughout, summation over repeated indices m is understood. Using Eq.
(16). the components of total traction along the surface S1 become

tE = -4 + T(x, x)f'; x e BD m= 1, 2, " ", M, (17)

where e' is the free-field traction vector and T is the half-space traction Green's function
tensor. The component T1Ax, x,) corresponds to the i-th component of the traction
vector at x due to unit harmonic force at x, acting in the j-th direction. For simplicity,
superscript v is suppressed. By choosing N observation points on boundary B (to coincide
with the boundary nodes of the finite element model), corresponding displacement and
traction fields can be stated as follows:

uM=I+GJH ' (18)

tE•4 +Gf (19)

f =f(f1,f, . . ., fM)T.

Here, vector _' (of order 3M x 1) contains all the unknown force magnitudes.
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Matrices G. and G, (of order 3N x 3M), and vectors AE and uf (of order 3N x I) are all 9
known. Continuity of the displacement and traction field along the boundary B requires
that

uE=UB; XE-B (20)

tE=et; xEB, (21)

where tE and UE are given by Eqs. (18) and (19). Substituting Eqs. (18) and (19) into 0
Eq. (12), via Eqs. (20) and (21), it follows that

L[i+ Gf] = RB[4 G1fP]. (22)

This last result can be written as

GAP =aa (23)

where

GA = LG. - RBBGt (24)

a = R8Stf¶- Lu. (25)

By choosing N greater than M, Eq. (23) is solved in the least square sense. Once
the magnitude of forcesf are known, the displacement and the stress fields in region
DE can be calculated through use of Eqs. (16) and (17). The displacement field in the
interior region D, is obtained by using Eq. (I1).

6. Numerical Results and Discussion

Shape of the linearly elastic dipping layer is chosen to be in the form of a semi-prolate S
with a flat lower section. This geometry can be defined in the following parametric form:

for 0<z<c

x=acos(t)cos(s) y=bcos(t)sin(s) z=bsin(t) (26)

for z~c0<s<27r, 0<t<t,,t,=sin-'(c/b)
for z=c •

x=acos(tj)cos(s), y'=b cos(t1)sin(s). (27)

where a and b are the major and minor axis and c is the maximum depth of the
semi-prolate. This shape is chosen to optimize the efforts for mesh generation without
loosing the general three-dimensional characteristics of the model. To reduce the number
of figures, only the results for cross sections y = 0 and x = 0 are presented, and they will 0
be referred to as sections A and B, respectively. Incident waves are plane P, SV, SH,
and Rayleigh waves. The azimuthal angle of incidence 0 is measured counterclockwise
from negative x axis (Fig. l(a)). The off-vertical angle of incidence 0 is measured from
positive - axis toward vector r, which defines the azimuthal position on the surface of
the half-space. The amplitude of the incident waves are the same as those used by
Dravinski and Mossessian (1987a). For convenience, a dimensionless frequency of
incident wave Q. is defined as the ratio of the maximum length of the basin 2a and the
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wavelength of shear waves in the half-space, Throughout the paper uj, aj, 9j;
j= 0, 1, • • ", R denote the shear modulus, P- and S-wave velocities, respectively for layer
Dj (see Fig. I). Subscript zero refers to the half-space while nonzero ones denote the
dipping layers.

Several parameters may greatly affect the numerical accuracy of the method. These
are: i) shape and location of the auxiliary surface S.; ii) number of sources (point
forces) M. [ii) number of observation points N; and iv) maximum length of each
element. From previous investigations (Dravinski and Mossessian. 1987 b; Mossessian
and Drivinski, 1987) it has been determined that a good choice for the auxiliary surface
S. is the one that follows in shape the boundary B. Therefore, the auxiliary surface is
chosen to be in the following form:

X. = ( - Ox, (28)

y. = (I - Oy (29)
,= (1-O•Z, (30)

where x, y, and z are described by Eqs. (26), (27). Through numerical experiments the
value of the parameter ý is chosen to be 0.4. The number of sources is 105 and the
number of observation points (same as the boundary nodes at B) is 295. The effect of
element size is discussed in later sections.

6.1 Finite element discretization
The finite element mesh form at elliptical cross section z=O is shown in Fig. 2(a).

Due to symmetry only a quarter of the mesh plane is displayed. This mesh form is

(al

(bb

Fig. 2. Finite element meshes for sections x-Y., x-z, and y-z of the basir.
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repeated for deeper sections following the pattern shown in Fig. 2(b), which displays
the view of the mesh distributions along the vertical sections x-z and y'--. Again.
due to symmetry only half of each section is displayed. It is apparent from Fig. 2(a)
and (b) that this model can easily incorporate planar and nonplanar layering.
Throughout volume discretization only eight node cubic and six node triangular prisms
are used. The number of elements used is 768, which leads to a total of 835 nodes. The
mesh size is kept constant for all the examples presented in this study.

6.2 Testing of the method
In order to assess the accuracy of the method the case of a homogeneous dipping

layer subjected to various incident wave fields is considered first. For this problem the
results of the hybrid technique are compared to the ones obtained through an indirect
boundary integral equation method (Mossessian and Dravinski, 1990). Surface response
-it section A for incident P. SV. SH, and Rayleigh waves with azimuthal angle of
incidence 0 = 0- is shown in Fig. 3. It can be seen from these figures that for all incident
waves the results of hybrid technique are in excellent agreement with those obtained
by the boundary integral equation method. Keeping the element sizes constant and
increasing the frequency by 30%, results in displacement fields depicted by Fig. 4. Some
differences between the results of the two methods are apparent. These discrepancies
are due to the fact that the number of elements per wavelength in the hybrid technique
has decreased. For this model the finite element discretization error has been analyzed
by considering the case when the material properties of the half-space are the same as
the ones for the dipping layer. In this case no scattering takes place, hence the internal
nodal displacements are obtained through Eq. (I1) by using free-field displacement values
for boundary nodes. Therefore, deviation of the internal nodal displacement values from
the frce-field ones would correspond entirely to the error generated by the finite element 0
discretization. Using this approach, by keeping the mesh size constant and varying the
frequency, it is established that 10 elements per wavelength are sufficient for convergence
of the results.

In order to show the capability and versatility of the method, numerical results
for inhomogeneous basins are presented next.

6.3 Hori:ontallv stratified basin
A basin consisting of two homogeneous strata is considered next (see Fig. 5(a)).

This model is obtained from the homogeneous dipping layer considered in Figs. 3 and
4 by changing the material properties of the lower section of the basin to fall in between
the ones of the top layer and the half-space. The surface displacement at section A for
incident P, SV, SH, and Rayleigh waves with azimuthal angle of incidence 40=0° are 0
depicted by Fig. 6. Comparison of the results with the ones for homogeneous basin
(Fig. 4) reveals that introduction of the intermediate layer has considerably reduced
the amplification at the center of the valley. This is not surprising since the "average
velocity of the basin" (Bard and Gariel, 1986) has become larger than the case of the
homogeneous dipping layer. It is interesting to note that for the Rayleigh waves the
horizontal component of displacement has been affected very little by stratification 0
while the changes for vertical component of motion are drastic. For different incident
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Fig. 3. Amplitudes of surface displacement spectra for a homogeneous valley at
section A for incident P, SV, SH, and Rayleigh waves with 0 =0°, 0=0'. 30'.
a=2. b= 1.2, c = 0.88,juo = flo = 1, ao-= 2, and/ 1 = 1/6,PI1 =0.5, L'. - 1, 0. =0.64
(Unless stated differently these parameters stay the same for other figures).
Dash, dash-dot, and solid lines represent x-, y-, and z-components (u, v, w) of
the displacement vector, respectively, obtained by the hybrid technique (This
convention holds for all the figures). The 'x' signs, stars, and open circles denote
x-, y-, and z-components of the displacement vector, respectively, obtained by
the boundary integral equation method.
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Fig. 4. Amplitudes of surface displacement spectra for a homogeneous valley at
section A for incident P, SV, SH, and Rayleigh waves. 0= 0', Q = 0.83.

waves the surface responses at -.ntion B are shown by Fig. 7. Coupling between P/SV
and SH modes appear to be much stronger for incident SH wave than the other type
of waves.

6.4 Multiple dipping layer basin

To further emphasize the versatility of the method, a case of a basin with two
dipping layers is considered. This model is obtained from the horizontally layered basinstudied earlier. Namely, the lower layer is extended toward the surface of the half-space
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Fig. S. Three models of inhomogeneous basins.

through a circumferential strip (see Fig. 5(b)). Surface displacements at section A for
various incident waves with azimuthal angle of incidence 4 =0° are displayed by Fig.
8. In comparison with the results of the horizontally stratified basin, here the overall
amplifications are smaller. It should be noted that the observed changes in the slopes
are due to discontinuity of the material properties at the interface of the two layers.
Figure 9 shows the surface response at section B for various incident waves. Here again
the amplification of the predominant component of motion is lower than the cor-
responding case of horizontally stratified basin (Fig. 7), and it is more confined to
surface of the top Jayer. However, the intensity of P/SV-SH mode conversion is about
the same. For a four dipping layer basin, Fig. 10 shows the surface response at section
A due to various incident waves. This model is obtained through simple extension of
the two-layer model. Namely, an intermediate layer is added to each of the two layers
(see Fig. 5(c)). In comparison with the case of two dipping layers, here the amplification
of predominant motion is higher. However, the changes are rather small. This as partly
due to the fact that the average velocity of the four dipping layers is close to that of
the two dipping layers and also due to the fact the frequency of incident wave is rather
low.

The complexity of the problems discussed here clearly demonstrate the capability
of the hybrid technique. Furthermore, it is of interest to note that the computational
time needed for the hybrid technique in the case of two and four dipping layers (Figs.
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Fig. 6. Amplitudes of surface displacement spectra at section A of a basin with
two horizontal layers and incident P, SV, SK- and Rayleigh waves. Po=fio = I.
20=2,p =0.45, P, =0.73,, = 1.46,42 = l/6, P2 =0.5,42 = 1,. 1 =0.83, = 0'.

8, 9, and 10) is the same as in the case of homogeneous basin (one dipping layer, Fig. 0
4). However, for the boundary integral equation method, in going from one to two and
four dipping layers (in the analogous model), the requircd computational time would
approximately increase by factors of 8 and 64, respectively. This is caused by increase
in size of the Green's functions matrix. This analogy is true for other boundary methods
such as wave function expansion approach (Eshraghi and Dravinski, 1988a, b). Such
comparisons iiaustrate that the hybrid technique tends to be more efficient than the 0
boundary integral equation approach as the structure of the inhomogeneity becomes
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Fig. 7. Amplitudes of surface displacement spectra at section B of the basin with
two horizontal layers and incident P, SV. SH, and Rayleigh waves. 0.=-0.83.
0=0.

more complex. The drawback of the hybrid method is that the required number of
nodes grows rapidly as the frequency increases. Therefore it appears that for simple
inhomogeneities it may be more beneficial to use boundary integral equation approach
(specially for higher frequencies). However, if the inhomogeneity is very complex (e.g.,
a basin with a number of dipping layers, heterogeneity, or anisotropicity) the hybrid
technique becomes much more effective.
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7. Summary and Conclusion 0
A hybrid method which combines an indirect boundary integral equation and the

finite element techniques, has been developed to study scattering of elastic waves by
general three-dimensional subsurface inhomogeneities. The application of the method
are demonstrated through studying the surface responses of elastic basins containing
several horizontal or dipping layers subjected to P, SV, SH, and Rayleigh waves.

Comparisons of the results obtained by the present method with those obtained by

J. Phys. Earth

S--rm • llmu~umammmmmn m I mmmmmm mmmn ml0



Hybrid Approach for Scattering of Elastic Waves 257

3 eP Odm 3 Pwave 030 deg.)

2- ~~~ 2- -- 7 -- 1

I0 o i "' 1- -. 0i

-2 -I 0 1 2 -2 -1 0 1 2
Y y

S Sv wave (o de.) $v wave (3O de.)

4- ........-

-- 6-

2-4-
2- 2-

-* C *- o ,
.2 -1 0 1 2 -2 -1 0 1 2

Y y

SHwAf (0 dem) .SH wa(30 de".

*4- 4

3 - 3 -
~~ 2-

3 Rayleio wave

°y

2-

-2 -1 0 1 2

Y

Fig. 9. Amplitudes of surface displacement spectra at section B of the basin
with two dipping layers and incident P, SV. SH. and Rayleigh waves. Q. =0.83,
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a boundary integral equation method, clearly show that the proposed technique produces
very accurate results, provided that the condition of minimum number of elements per
wavelength is satisfied (about 10 elements per wavelength). The types of problems
considered here indicate that the method can easily handle dipping layers with very
irregular geometries or varying material properties. Furthermore, it is demonstrated
that the hybrid technique becomes much more efficient than the boundary integral
equation method as the .structure of the inhomogeneities becomes very complex. The
drawback of the hybrid method is that the memory requirement increases very rapidly
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(for the finite element part) as the frequency increases. However, with the existing rapid
growth in computational facilities this obstacle is expected to be remedied to a great
extent in the near future.
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Elastic Wave Scattering by an Inclusion in a

Multilayered Medium Lubmerged in Fluid
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Abstract

Response of plane multilayerd media enclosing an elastic inclusion
of arbitrary shape and submerged in fluid is investigated. The plane
strain model is assumed. The steady-state free-field response is mod-
eled by the Thomson-Haskell method using delta-matrix modification
and the scattered wave field by a boundary method. The transient
response is evaluated using the Fourier synthesis. Numerical results
are presented for a single layer plate with an elliptical inclusion and
a single layer with an inclusion bounded by an elastic half-space. For
the steady-state fluid-solid interface response the results show that (i)
presence of the half-space greatly influences the response; (ii) the re-
sponse is very sensitive upon the geometry and the embedment depth
of the inclusion; (iii) the response is sensitive upon the angle and fre-
quency of incident wave; and (iv) impedance contrast between the
plate and inclusion is important for overall response pattern. Tran-
sient results for vertical incidence demonstrate that the presence of
the inclusion is detected very clearly by both predominant and non-
predominant components of motion.

Introduction

Study of wave scattering by inclusions in elastic media submerged in fluid
has many practical applications. A few problems of interest are the non
destructive evaluation of materials (NDE) and geophysical prospecting at
the bottom of the sea. In the NDE , the part to be evaluated is immersed
in water and subjected to an acoustic disturbance by a transducer located in
water [1]. The reflected signal contains the acoustic signature of the material
under investigation which reveals the nature of fault present in the structure.
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Theoretical modeling of scattering by inclusion in elastic media immersed in
fluid aids in the interpretation of the results obtained by tests like NDE.

The two-dimensional reflection of an acoustic beam from a plane solid-
liquid interface at or near the Rayleigh angle has been the subject of study
by several investigators in the past. Bertoni and Tamir [21 presented a uni-
fied theory of Rayleigh-angle phenomena for acoustic beams at liquid-solid
interfaces. The reflection of plane waves from a single layered half-space un-
der water was investigated by Bogy and Gracewski [3], who later extended
the analysis to include the bounded beam reflection from a multilayered
half-space [4]. Kundu et al. [1] studied the reflection from a multilayered
half-space in fluid using the Thomson-Haskell formulation [5,6]. They refor-
mulated the original Thomson-Haskell approach in terms of delta matrices
(7]. Schmidt and Jensen (8] studied the Gaussian beam reflection at fluid-
solid interfaces for a multilayered viscoelastic media.

So far there have been very few investigations of reflection from a scat-
terer embedded in an elastic medium immersed in fluid. Varadan et al. [9]
studied three dimensional ultrasonic wave scattering by a submerged flaw in
joined fluid-solid half-space by the T-matrix approach. They evaluated the
back scattered pressures at far fields by making an asymptotic approximation
for the scattered field. The two dimensional scattering from an interfacial
crack in a layered half-space submerged in fluid for incident plane waves and
bounded beams was investigated by Gracewski and Bogy [10,11]. They pre-
sented numerical results in the form of stress intensity factors at the crack
tip.

Analytical solutions of the scattering problems are generally limited to
simple geometries. Hence, numerical methods are employed to study most of
the practical problems of interest. The common numerical methods employed
are the finite element (FE) and finite difference (FD) methods, the bound-
ary integral equation (BIE) method, and the transition matrix (T-Matrix)
method. In addition, investigators have employed many hybrid methods.

Modeling the scattering of waves in infinite media by FE or FD appears
to be ineffective for geophysical problems in view of the vast computational
grid required for problems with long characteristic lengths [12]. In addition,
these methods do not completely satisfy the radiation condition at infinity
[13].

The BIE methods formulate the problem in terms of boundary values
and possible internal sources [14,15]. The radiation condition is satisfied
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exactly. Since the discretization is done only on the boundaries, the number
of variables is greatly reduced. But the BIE methods require the evaluation of
Green's function which often results in large amount of computational effort
[16]. While the FE methods are generally more versatile in handling medium
with varying material properties [17], BIE methods are in general not suitable
for inhomogeneous media [18]. To overcome the shortcomings of both the
methods, some hybrid methods which combine say, FE and BIE approach
have been employed [19]. The advantage of such a method is that it uses the
versatility of the FE method for detailed modeling of the near field and the
effectiveness of the BIE methods in the far field [20]. But the method still
requires the evaluation of the Green's function which can be time consuming.
To overcome that problem, Shah et al. (211 proposed another hybrid method
which combines the finite element method with the wave function expansion
technique. The interior region containing the scatterer is modeled by the
FE and the wave function expansions are used to represent the field in the
exterior homogeneous, isotropic and unbounded medium. The wave functions
satisfy the radiation condition at infinity. Another hybrid method combining
the BIE method and the Thomson-Haskell method for scattering by plane
layered medium is presented by Schuster and Smith [22]. The hybrid method
computes the Green's function of the scatterer without the layer by a BIE
method and the Green's function of the layer without the scatterer by a
Thomson-Haskell method. The coupling between the scatterer and plane-
layers is achieved by a combination of Fast Fourier Transforms (FFT) and
extrapolation operators and these interactions are finally summed up in a
Born series.

The T-matrix approach has been adopted by a number of investigators to
study various scattering problems [23,24,25,26]. The essence of the T-matrix
method is to express the unknown coefficients of the scattered field in terms
of the known coefficients of the incident field by employing the T-matrix.
The formation of the T-matrix requires the evaluation of certain integrals
which are calculated numerically for arbitrary geometries.

In addition to the above methods, the Aki-Larner technique [27] based on
the Rayleigh hypothesis has been applied to the scattering problems where
the wave lengths are either larger than or equal to the size of the irregularities.
Bouchon [28], Bard and Bouchon (29,30] used this method to study two
dimensional seismic response of sediment filled valleys subjected to incident
P, SV, and SH waves. Bouchon and Aki [31] extended the Aki-Larner method
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to study the near field of a seismic source in a layered medium with irregular
interfaces.

For the high frequency wave scattering problems, the ray method is found S
to be very effective. This method is based on asymptotic techniques in ap-
proximating the wave field [32]. The method has been extended to include
the moderate frequencies by Moczo et al. [33]

All the methods described so far principally pertain to the steady-state
response of the problem. For the numerical solution of the transient problems 0
there are two approaches (i) Direct methods and, (ii) Indirect methods.

In direct methods, solutions to scattering problem is formulated as a func-
tion of time. The main difficulty with this method is the accumulation of
errors with increase of time [34]. Smith [121 used the FE approach and Boore
et al. [35], used the FD technique to solve the antiplane strain problem di- 0
rectly in the time domain. Banerjee et al. [361 applied the BIE technique to
solve the three dimensional transient problem for spherical and hemispher-
ical cavities embedded in an infinite or semi-infinite medium subjected to
radial pressures. For indirect methods, the transient response is obtained
from steady state solution through the use of Fourier or Laplace transform 0
[37]. Manolis and Beskos [38] used the Laplace transform method to solve
elastodynamic plane strain problems in infinite media. Niwa et al. [39] used
the Fourier transform technique and the BIE approach for calculating the
two dimensional transient response for completely embedded irregularities
subjected to incident P and SV waves. A comparative study of direct and 0
indirect methods combined with BIE method is presented by Manolis [40].
A detailed review of the BIE method and other boundary techniques (T-
Matrix, Born Approximation, Hybrid FE-BIE etc.) in dynamic analysis can
be found in the paper by Beskos [411.

In the present study, a hybrid Thomson-HaskelI method and boundary 0
method is employed to study the steady-state response of an inclusion in
a plane multilayered medium in fluid. The Thomson-Haskell formulation is
recast in terms of delta matrices. The transient response is evaluated by
using the fast Fourier transforms. The analysis is done for the plane strain
case. 0

The Thomson-Haskell formulation [5,6,7,1] with delta-matrix modifica-
tion is employed for the free-field evaluation which involves the response
of the layered medium in fluid without the inclusion. A boundary method
which utilizes the wave function expansion is employed to model the scattered
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field. The boundary method originates in the works of Herrera and Sabina
(42] and Herrera [43]. The method involves employing the wave functions
satisfying the equations of motion in each domain to represent the scattered
field. These wave functions, in general, do not satisfy the boundary or con-
tinuity conditions. These conditions are satisfied in the least square sense at
a finite number of points on the boundary. The advantage of this method
over the BIE method is that it does not involve the evaluation of the Green's
function. Sanchez-Sesma et al. [44,45] used this approach to solve the scat-
tering of SH, P, SV and Rayleigh waves for two dimensional problems. The
elastic wave scattering by two dimensional dipping layers has been solved by
this approach by Eshraghi and Dravinski [46,47].

This paper is divided into several parts. After the introduction, the state-
ment of the problem is presented. Then, the steady state solution of the
problem is given. Next, numerical results are discussed fot both the steady
state and transient cases, followed by the conclusions.

Statement of the problem

The geometry of the problem is shown by the Fig. 1. The model consists of
"a multilayered infinite elastic half-space (or a plate) with an inclusion within
"a layer. The medium is surrounded by inviscid fluid on one side. The fol-
lowing conventions are understood throughout. The domains are designated
by Di(j = 0,1,.. .,N) and the boundaries, Ci(j = 0,1,... ,N). Domain Do
denotes the fluid half-space while Co denotes the interface between the fluid
and the first layer. The inclusion domain and boundary in the pth layer are
designated by Dp, and CP, respectively. Summation over repeated indices is
understood. Underlined indices indicate that the summation is being sup-
pressed. Material of the media is assumed to be linearly elastic, homogeneous
and isotropic. The fluid half space is subjected to an oblique incident plane
harmonic acoustic wave. The problem is of the plane strain type.

The equation of motion in terms of displacement potentials is given by
[48]

M[k,.i](p(x,w) = O;j =0, 1,2,...,N,p' (1)

M[kpi& I(x, w) = 0;j = 1,2,...,N,p (2)

5



0

where

M[. = V, + ()

2j = 0•-" , " i (3)

Here, wj and Oj denote the P-wave and SV-wave potentials , respectively, x
is the position vector, and w is the circular frequency. a3 and Oi denote the 0
dilatational and shear wave velocities, respectively and kaj and kej are the
respective wavenumbers. pi, /j and Ai are the density, and Lame's constants
of the jth layer, respectively. For convenience, the wavenumber in fluid k.o
is sometimes denoted by kf.

The displacement field in the j'h layer is then represented by

u, = V•j + V x (0, 0,0,) (4)

where, uj has components (u.j, us,, 0) and (u,, 0, wj) in the polar and rect-
angular coordinate systems respectively.

The boundary conditions on the free surface of the plate are given by

am = 0; a... = O;Z = ZN (5)

where a,, and a,, are the normal and tangential components of the traction
vector, respectively. For the multilayer half-space, instead of Eqn.(5) radia- 0
tion condition is applied for the half space. The continuity conditions along
the solid-fluid interface Co are specified to be [7]

,o+ (x,,W) = W- (x, W) (6)

at o(X,W) =u;3 (x,W) (7)
0) . (8)

The continuity conditions along the interfaces C'(j = 1,..., N- 1) are given
by

j_.(xW) = .(xW) (9) 0

witI(x, W) = wi(x,W) (10)
al+. j- (XW) = a.-, (x,w) (11)

+_ , = ,(x,w) (12)
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where uj, wi are the components of the displacement alorg the x and z di-
rections, respectively. The '+' and '-' signs refer to the interface Cj being
approached from below and above, respectively.
The continuity conditions along the inclusion boundary C'p, are taken to be

u+(x,w) = u-(x,W) (13)

w+(x,,w) = w•(x,w) (14)

a. .(x, )= a- 1 ,,(x,W) (15)
ant p(x, W) = ant,,(x, W) (16)

Here, the '+' and '-' signs refer to the interface being approached from outside
and inside the inclusion, respectively.

The incident field is a plane wave in the fluid given by

W = (-i/kf)ei(kIz"si+)-we) (17)

where 0o is the off-vertical angle of incidence (see Fig. 1). The factor (-i/kf)
is introduced for convenience.

Steady state solution of the problem

The solution is sought as a superposition of the free-field and scattered wave
fields according to

u, =uti + u1; x E D;j= 0,1,...,N (18)

up# -U',; X E DP, (19)

where the superscripts 'if' and 's' denote the free-field and scattered wave
fields, respectively.

Free-field solution

In the absence of the inclusion, the Thomnson-Haskell method for multilayer
plate is employed for the free-field solution (5,6,1]. Delta-matrix approach [7]
is incorporated to overcome the precision problem. For the free-field, Carte-
sian coordinate system with the origin located at the solid-fluid interface is
employed (see Fig. 1).
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The incident wave of Eqn.(17) can be written as

W i, = ( i/)e ei(x-.•) (20)

where
{i(k2f- k2)1/2 k kf (21)

, i(k2- kf)112 k kk,(

Here the horizontal P-wavenumber is defined by,

k = kf sineo. (22)

The reflected wave is given by

Wref = R(_ilk) (23)

where R is the reflection coefficient [1]. Hence the total free-field in the fluid
is

W ff = (-iei(kwI)/k )(eivr5 + Re""). (24)

Scattered wave field solution

For the scattered field evaluation, the origin is shifted inside the inclusion
with the polar coordinate system (r,0) used for the stress and displacement
field evaluations (see Fig.1). The scattered field for the fluid is taken to be
of the form

Vo' = amoH(l)(kaor)cosmO + a;oH(l)(kaor)sinmO (25)

$= 0.
m = o,...,IMo. (26)

For the j'h layer the scattered waves are assumed to be of the form,

P = b.iH(H$)(k.ir)com0 + b .iH(.)(k.ir)sinmO+

c. jH.)(k.1r)cosme + .jH1)(k.1r)sinmO (27)

Oj = d.MH.P)(ktir)cosm9 + dO -H)(kir)sinmO+

e, ,iHM(ki)co.sm8+e,,H(,)(k ir)sinmO (28)
j fi 1...N; m = 0,..., Mi.
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If an elastic half space is present, we have,

CPLJ = C HP(k~tr)cosmB + c- H(' Mt amm (29)

M= mO+ " (30)
m =0,...,MNv.

Within the inclusion we have,

p,, = fmpJn(karr)cosmO + filJm(k.pr)sinmO (31)

Os, = g, p'J,(kop'r)cosmO + gL p.J.(kap.'r)sinmO. (32)
M = 0,...,1Me,.

Here, am. to g9 are the unknown coefficients, Jm is the Bessel function of
the first kind, H.,') and H.) are the Hankel functions of the first and second
kind, respectively and M is the order of expansion in each domain. All the
wave functions in the Eqns.(25-32) are solutions of the equations of motion.
In addition, the scattered wave field in the fluid and the half space consists of
the outgoing waves only while the scattered field in the plate consists of both
incoming and outgoing waves. Inside the inclusion the wave field consists
of standing waves. As indicated earlier, in Eqns.(25-32), summation over
repeated index 'm' is assumed.

At this point more about the nature of the wave functions used to for-
mulate the scattered waves should be stated. These functions belong to a
class of functions known as the c-complete functions. The theory of these
functions has been developed by Herrera and Sabina [42] and Herrera [43]
using algebraic theory. The concept of c-completeness allows constructing
systems of solutions which are complete with respect to general boundary
values independently of the specific region of consideration. The boundary
method employing these c-complete functions grants convergence of the ap-
proximating sequence when a least-squares fitting of the boundary conditions
is used [44]. Sanchez-Sesma et al. [44] demonstrated the applicability of this

method for the problem of diffraction of SH waves by surface irregularities.
They later extended the study to the diffraction of plane P, SV and Rayleigh
waves by surface irregularities (451. This method has been used by Eshragihi
and Dravinaki (46,471 to study the scattering by multiple dipping layers for
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the antiplane and plane strain models. Details of the theory concerning the
boundary method can be found in the paper by Herrera [43].

Evaluation of ezpansion coefficients

The unknown coefficients of the scattered wave field are determined by im-
posing the boundary and the continuity conditions given by Eqns.(5-16).
These conditions are imposed at the Ni points along the boundaries C., and
CI,j = 0, 1 ... N(N - 1, for the half-space) resulting in a system of linear
equations of the form

Ga = f. (33)

Here a contains all the unknown expansion coefficients, vector f involves the
free-field displacements and tractions, and G consists of the wave functions
and their derivities evaluated along the boundaries. The size of the matrix
G is (SxK), where S>K. Hence Eqn.(33) is solved in the least square-sense
(49]. Once the expansion coefficients are known, the displacement and the
stress fields can be evaluated throughout the medium.

Numerical results

This section describes the steady state and transient response for a single
layered plate and a single layered half-space with an elliptical inclusion.

These models are chosen to incorporate most of the physical character-
istics of the problem while keeping the computation to a minimum. The
geometry of the model is shown for a single plate in Fig. 2. Half-space is
added to the plate when present. The fluid domain is designated by Do and
that of the plate and inclusion by D and Dl,, respectively. Half-space is de-
noted by D 2. The plate thickness and the inclusion depth are denoted by 'h'
and 'd', respectively. The principal axes of the elliptical inclusion are denoted
by 'a' and 'b'. The lengths on the top and bottom plate boundaries, along
which the continuity and boundary conditions are imposed, are taken to be
to be '0O' and 'CV', respectively (see Fig.2). The orders of expansion for the
fluid, plate, inclusion and the half-space are denoted by Mo, Mi, MI, and M2 ,
respectively. Number of collocation points along the solid-fluid interface and
the free surface of the plate (or plate-half-space interface when present) are
taken to be No and NI, respectively. For the inclusion boundary it is denoted
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by N1 ,. The density, shear modulus and shear wave velocity of the plate are
taken to be unity. When half-space is present, the density, shear modulus
and shear wave velocity of the half-space are taken to be unity. All spatial
variables are normalized with respect to the major principal axis of the ellip-
tical inclusion which is assumed to be unity. For convenience, dimensionless
frequency fl is defined as the ratio of the maximum width of the inclusion to
the wavelength of the shear wave in the layer enclosing the inclusion. Hor-

P izontal and vertical steady-state amplitudes are denoted by IUzI and IUzV ,
respectively. The total free-field displacement used for normalization is de-
fined as I UfftI = fiIUffxI2 + lUffy 12), where IUffzI and jUffyJ are the
free-field horizontal and vertical displacement amplitudes, respectively.

Steady state response

This section describes the steady state response of the plate and layered half-
space models. First, convergence tests are conducted to fix various problem
parameters. Subsequently, the formulation is verified for the zero-scattering
condition and symmetric response. Finally, the steady state results for a
single plate and layered half-space models are discussed.

Convergence and testing of results

First, tests are conducted to evaluate the orders of expansion required for
convergence of results in each domain. Similar tests are conducted to de-
termine the number of collocation points along each interface at which the
continuity and boundary conditions are imposed. In addition, studies are
done to determine the lengths of the plate boundary along which the conti-
nuity and boundary conditions are imposed. The convergence of results has
been established by observing the change in scattered wave displacement am-
plitudes at the solid-fluid interface with change in the value of the parameter
under consideration. The numerical results are accepted as the final ones if
the difference between two successive calculations is judged to be sufficiently
small for the increase in the value of the parameter of interest.

In the absence of a test case to compare the results with, the formula-
tion was first tested for zero-scattering condition in which the material of
the inclusion was taken to be the same as that of the plate. As expected,
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the contribution of the scattered field was found to be zero. In addition,
the formulation is verified for symmetry for a vertical incidence. Both the
horizontal and vertical displacement amplitudes are found to be symmetric 0
thus lending further confidence in the validity of the calculated results.

The parameters chosen for convergent results are indicated in the respec-
tively figures. Further details of the convergence studies and testing of the
results are given in [50].

Response of a plate with inclusion

Response of a plate with an inclusion is studied for different impedance con-
trasts. Two cases are considered: Inclusion being stiffer than the plate and
the plate being stiffer than the inclusion.

Figure 3 summarizes the results for the case of a stiff inclusion for differ-
ent aspect ratios of the inclusion i.e., circular, elliptical with horizontal and
vertical major axes. The vertical and horizontal displacement amplitudes
of the plate are normalized with respect to the total free-field displacement.
From the vertical component of displacement in Fig. 3, the scattered field is
found to interfere destructively with the free-field near the inclusion. This
appears as a dip in the total field indicating the presence of the scatterer.
As to be expected, the scattered field has the greatest influence when the
geometry is circular (aspect ratio=1) and least when the elliptical major axis
is in the horizontal direction (aspect ratio=2). Away from the scatterer, the
displacement field approaches the free-field value. Figure 3 also shows the
influence of the scatterer on the horizontal component of motion. The effect
of the inclusion depth on the surface displacements is shown in the Fig. 4.
As expected, the effect of the scattered field on the vertical displacement is
found to diminish with increase in depth.

Figure 5 depicts the response of a plate with a stiffer inclusion as a func-
tion of frequency and spatial variable 'x' for a vertical incidence. The three
dimensional plots show the total horizontal and vertical displacement ampli-
tudes of the plate along the solid-fluid interface for different frequencies of
the incident wave. The peaks of the vertical displacement correspond to the
natural frequencies of a free-free plate without the inclusion for a vertical
incidence. The analytical values of these are given by

w = na/h;n = 0, 1, 2,... (34)

12



where a and h are the P-wave velocity and the thickness of the plate, respec-
tively. As seen from Fig.5, the natural frequencies for the plate considered
are at w=0.0, 2.60, 5.20, etc. In view of the very low density of the fluid,
the natural frequencies of the plate in fluid are found to almost coincide with
the natural frequencies of the free-free plate. The horizontal displacement is
found to peak at these frequencies as well. This is due to the fact that the
horizontal displacement, which is entirely due to the scatterer, is dependent
on the free-field response. The free-field response in turn, peaks at the natu-
ral frequencies of the plate thus resulting in large response at the fluid-solid
interface.

Figure 6a shows the response due to a very small off-vertical incidence
for the case discussed above. The free-field horizontal displacement is signif-
icantly higher than the vertical displacement for this case (compare Figs.3
and 6a). The effect of the scattered wave field can be observed on both
the horizontal and vertical free-field displacements. Above the inclusion,
the scattered field interferes constructively for the vertical displacement and
destructively for the horizontal displacement.

Figure 6b refers to the case of a soft inclusion inside a hard medium.
The vertical component of displacement shows a peak atop the center of
the scatterer indicating constructive interference of the scattered field with
the free-field as opposed to the destructive interference for the case of hard
inclusion inside a soft medium (compare Figs. 6b and 3).

Based on the presented results, it is found that the steady state response
at the fluid-solid interface is sensitive upon the shape and embedment depth
of the scatterer, location of the observation points, angle of incidence, and
the frequency of excitation. In addition, the impedance contrast between the
plate and the inclusion has significant influence on the response.

Response of a layer with incluion on an elastic half-space

In this model, the inclusion is embedded in a layer atop an elastic half-space.
The inclusion is taken to be softer than the surrounding layer which in turn
is softer than the elastic half-space below it.

The response of the model to a vertical incidence is shown in Fig. 6c. The
vertical displacement shows a peak inside a valley indicating the presence of
the scatterer. The presence of the valley below the free-field value indicates
the destructive interference of the scattered field with the free-field. The
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peak inside the valley shows smaller destructive interference over the scat-
terer up to a distance of twice the width of the scatterer. Comparison of the
vertical displacement with that of the plate with a softer inclusion (Figs. 6c
and 6b) shows that the presence of the half-space changes the response at
the fluid-solid interface considerably.

Transient response

This section deals with the transient response of plate with a hard inclusion.
The transient response is obtained from the steady state response by Fourier
synthesis [46] Here, the response is studied for a vertically incident Ricker
wavelet [51]. The Bicker wavelet is defined as

f(t) = (V/i/2)(,r - 0.5)e-r, r = (x(t - t.)/t,)' (35) 0

where t. corresponds to the peak amplitude in the time domain and tP cor-
responds to the angular frequency w,,(= 2r/t.) which is associated with the
peak amplitude in the Fourier transform domain.

The Fourier transform of the Ricker wavelet is given by •

F(w) = (-tp/2)(w/w,)2e-( /D)2 e ". (36)

Figure 7 displays the total horizontal and vertical displacement compo-
nents of the fluid at the plate-fluid interface for a vertically incident Ricker 0
wavelet (t.=25.0 secs. and t,=6.0 secs.). Totai of 41 equally spaced obser-
vation stations are chosen. The bottom trace depicts the motion at (X=-
10,Z=O), while the top trace corresponds to the station at (X=10,Z=O). The
impedance contrast corresponds to that of a very hard inclusion in a soft
plate. From the Fig. 7, it is found that the displacements are quiescent over
a time required for the initial disturbance to reach the surface of the plate.
The vertical displacement is mostly due to the superposition of the incident
wave and the waves reflected at the top and the bottom surfaces of the plate.
The vertical displacement, though dominated by the free-field, clearly indi-
cates the presence of the scatterer. This is evident from the fact that , near
the scatterer, the vertical displacement field is different from that observed
at farther distances from the scatterer. The horizontal displacement, which
is entirely due to scattering , shows the presence of the inclusion clearly.
The horizontal disturbance is found to be anti-symmetric about the middle
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observation point. A little distance from the inclusion, the scattered wave
field is found to assume a uniform shape traveling with a constant velocity.
This is indicated by the line 'A-B' in Fig.7. Based on the time arrivals at 'A'
and 'B', the scattered wave found in the horizontal component of interface
motion is found to be traveling along the interface with the P-wave veloc-
ity of the fluid. The amplitude of the horizontal disturbance is found to be
decreasing very slowly with increasing distance from the scatterer over the
observed range.

Figure 8 shows the vertical displacement for the same inclusion in a stiffer
plate than that of Fig.7. The vertical displacement field, which is dominated
by the free-field, displays waviness which decays with time. This waviness is
due to the multiple reflection of the incident wave between the plate surfaces.
This phenomena is observed only when the density of the plate is much higher
than that of the fluid, so that incident energy is trapped in the plate for a
longer period (compare Figs. 7 and 8). As the contrast between the inclusion
and plate becomes smaller, the effect of the scatterer is found to be very small
on the predominant component of the displacement.

Figure 9 displays the vertical response of the plate described above when
the inclusion is much harder than the plate. The effect of the inclusion is
strongly felt in the vicinity of the inclusion. This is evident through the lack
of waviness in the response above the inclusion. The effect of the scatterer
is found to be very local as opposed to the case described in Fig. 7.

Conclusions

In the present study, fluid-solid interface response of the plate with inclusion
submerged in fluid is investigated. It is found that the steady-state fluid-solid
interface response is very sensitive upon the geometry and embedment depth
of the inclusion as well as the frequency and the angle of the incident wave.
In addition, the impedance contrast between the plate and the inclusion
influences greatly the response. Finally, the presence of the half-space greatly
changes the response.

From the transient response of a plate with a very hard inclusion and for
vertical incidence, it is found that the presence of the inclusion is indicated
very clearly by both the predominant and the non-predominant components
of displacement. In the predominant component this is evident from the al-
tered free-field near the inclusion and the scattered waves traveling away from
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the inclusion. In the non-predominant component of the displacement, the
scattered field is observed as the waves traveling at the plate-fluid interface
with the P-wave velocity of the fluid. These waves are found to attenuate 0
very slowly with increased distance from the scatterer. When the density of
the fluid is significantly lower than that of the plate, the effect of multiple
reflection at the plate surfaces is observed in the transient response. For this
case, the effect of the scattering from the inclusion is observed only when the
inclusion is significantly harder than the plate. Due to the significant pres- 0
ence of the free-field waves trapped in the plate, the effect of the scattered
wave field is felt only locally and is not visible at farther distances from the
inclusion.
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Abstract

Three dimensional response of plane multilayerd media enclos-
ing an elastic inclusion of arbitrary shape and submerged in fluid
is investigated. The steady-state free-field response is modeled by
the Thomson-Haskell method using delta-matrix modification and the
scattered wave field by a boundary method. The transient response is
evaluated using the Fourier synthesis. Numerical results are presented
for a single layer plate with an ellipsoidal inclusion.

The steady-state results show that the response along the fluid-
solid interface is sensitive to the aspect ratio and location of the inclu-
sion, impedance contrast and the angle of incidence. In addition, the
results of the 3D analysis for the non-axisymmetric problem indicate
significant variation of the radial and azimuthal displacement compo-
nents with the change in the azimuthal angle. Comparison of the 2D
and 3D models indicates that for the harder inclusion, both the mod-
els show similar qualitative trends in the transient and steady state
responses. However, for a softer inclusion, the steady state responses
of the two models are found to differ significantly from each other.
The transient studies clearly indicate the horizontal wave traveling at
the solid-fluid interface with the acoustic wave velocity of the fluid.
The effect of the scatterer on the vertical displacement is found to be
significant only in the vicinity of the inclusion.

Introduction

This paper is an extension of a similar study for a plain strain model by
Keshavamurthy and Dravinski [1]. A detailed literature review of the works
relating to the two dimensional scattering can be found in the paper I1].
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The literature review in the present paper is concerned only with the three
dimensional elastic wave scattering problems.

Among the earlier studies of three dimensional scattering of elastic waves,
the works of Day [2], Aspel [3], Sanchez-Sesma [4] and Lee [5] are of special
importance. Day [2] used a finite element (FE) technique to study the scat-
tering of seismic waves by an axisymmetric cone-shape sedimentary basin.
Aspel [31 used a boundary integral equation (BIE) method to study soil-
structure interactions for axisymmetric scatterers. Sanchez-Sesma [4] stud-
ied the diffraction of elastic waves by three dimensional surface irregularities
by the boundary method. Lee (51 used the wave function expansion method
to study three-dimensional diffraction of plane P, SV and SH waves by a
hemispherical alluvial valley. Niwa and Hirose [6] formulated a BIE method
to solve the scattering problem of elastic waves by a non-axisymmetric cavity 0
or crack in a three dimensional half-space. Paskaramoorthy et al. [71 em-
ployed the hybrid FE-wave function expansion method to study scattering of
elastic waves by an axisymmetric scatterer embedded in an isotropic elastic
medium. All the papers cited so far deal with steady state problems. Lee and
Langston [8] studied the transient response of a circular basin using the ray 0
method, while Sanchez-Sesma et al. [91 studied the response of a 3D axisym-
metric valley by the boundary method. Eshraghi and Dravinski [10] used
the boundary method to solve the transient scattering by three dimensional
non-axisymmetric dipping layers. Mossessian and Dravinski [11] employed
the hybrid FE-BIE method to study the elastic scattering by three dimen- 0
sional irregularities of arbitrary shape. Bostr6m and Karlsson (12] studied
three dimensional response to point-force excitation of elastic plate with an
embedded cavity by the T-matrix approach. Varadan et al. [13] studied the
three dimensional ultrasonic wave propagation by a submerged flaw in joined
fluid-solid half-space by the T-matrix approach. 0

In the present study, a hybrid Thomson-Haskell and boundary method
is employed to study the steady state response of an inclusion in a plane
multilayered medium in fluid. The Thomson-Haskell formulation is recast in
terms of delta matrices. The transient response is evaluated by using the fast
Fourier transforms. Details of the procedure can be found in the paper [1]. 0

This paper is divided into several parts. After the introduction, the state-
ment of the problem is presented. Then, the steady state solution of the
problem is given. Next, numerical results are discussed for both the steady
state and transient cases, followed by the conclusions.

2
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Statement of the problem

The geometry of the problem is shown by the Fig. 1. The model consists
of a multilayered infinite elastic half-space (or a plate) with an inclusion
within a layer. The medium is surrounded by inviscid fluid on one side.
The Cartesian and spherical coordinate systems with the origin at 0' are de-
noted by (x,yz) and (r, 0, 0), respectively. The Cartesian coordinate system
with origin at 0 is represented by (X, Y, Z). The domains are designated by
Di(j = 0,1,.. .,N) and the boundaries by C,(j = 0,1,... ,N). Domain Do
denotes the fluid half-space while Co denotes the interface between the fluid
and the first layer. The inclusion domain and the boundary in the pt" layer
are designated by DP, and Cp,, respectively. Summation over repeated in-
dices is understood. Underlined indices indicate that the summation is being
suppressed. Material of the media is assumed to be linearly elastic, homoge-
neous and isotropic. The fluid half-space is subjected to an oblique incident
plane harmonic wave. The off vertical and azimuthal angles of incidence are
denoted by 0o and Oo, respectively (see Fig. 2a). The equation of motion in
terms of displacement potentials is given by [141

M[/kci]Wi(xw) = 0;j -0,1,2,... ,N,p' (1)

M[k0,&j (xw) = 0;j = 1,2,...,N,p' (2)

M[aj.]Xj(xw) = 0;j = 1,2,...,N,p' (3)

where

M[*] = VI + (*)2

= .ýL;k0. = ffi2 =# (4)OiP Pi PiI

Here, cp1 denotes the P-wave potential while Oj and xi denote the shear wave
potentials, x is the position vector, and w is the circular frequency. In addi-
tion, a, and Pi denote the dilatational and shear wave velocities, respectively
while k/j and kpi are the corresponding wavenumbers. Finally, pi, and pi,
Aj are the density, and Lame's constants of the jh layer, respectively. For
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0

convenience, the wavenumber in fluid k.0 is sometimes denoted by kf.

A system of unit basis ( er, e, e,#) is defined for spherical coordinates S
(r, 0, 0) according to Fig. 2b. For the same coordinate system the displace-
ment vector in the j " layer ui can be expressed in terms of three displacement
components (u,.i, uo,, u#,) according to

u -= Voj + V(r~&j) x er t+ x V x (rXjer) (5) 0

XIEDi, j=o,1,...,Np'.

where t is a scalar factor to give potentials the same dimension. The Carte-
sian displacement components of vector uj are denoted by (uj, vj, wj). Simi-
larly, the traction vector Tj has components (Tj, Ty,, T,,) and (TZj, Toj, T#,j)
in the Cartesian and spherical coordinate systems, respectively.

The boundary conditions on the free surface of the plate are given by

T'(x,w) = 0; z = ZN (6)

For multilayer half-space, instead of Eqn. (6), radiation condition should be
applied for the half-space. The continuity conditions along the solid-fluid
interface Co are specified to be

WO+(x,W) = wT(x,W) (7)

T.-, (x, w) =0 (8)

T;,T(x,W) = 0 (9)

T+(x,w) = T.',(x,wW) (10)

The continuity conditions along the interfaces Ci(j = 1,...-, N-1) are given 0
by

u= u(x,w) (11)

T+_(xw) = T7(x,w) (12)

In the Eqns. (6-12), '+' and '-' signs refer to the interface being approached 0
from below and above, respectively.
The continuity conditions along the inclusion boundary Cf are given by

u+(x,W) = u;(x,W) (13)

4



T?(xw) = T-(x,w) (14)

where '+' and '-' signs refer to the interface C., being approached from
outside and inside the inclusion, respectively.

The incident field is a plane wave in the fluid given by

W i= (-i/kf)ei(k(n ht)(15)

where n is the unit normal to the plane of the incident wave and x is the
position vector, respectively (see Fig. 2a). The factor (-i/kf) is introduced
for convenience.

Steady state solution of the problem

The solution is sought as a superposition of the free-field and scattered wave
fields according to

uj = ut= + +u; x E Dj;= 0,1,...,N (16)

uI= u;,; x E D,, (17)

where the superscripts 'if' and 's' denote the free-field and scattered wave
fields, respectively.

Free-field solution

The free-field problem is solved by the Thomson-Haskell method with delta
matrix modification. The problem is initially solved for the off-vertical angle
of incidence of 0o in the coordinate system (X', Y', Z') shown in the Fig. la.
The procedure is outlined in [1]. The displacement and stress fields are then
transformed to the coordinate system (X,Y,Z) shown in Fig. 2a by rotating
about the Z-axis by the azimuthal angle of incidence 00.

Scattered wave field solution

For the scattered field evaluation, the origin is shifted inside the inclusion
with the spherical coordinate system (r, 0, 0) used for the stress and displace-
ment field evaluations (see Fig. 2b). The scattered field for the fluid is taken

5



to be of the form

W'= a' h$.j)(k~or) P,(cos 6) cos m4

+ b:: /41 )(k.,or) Pnn(cos 8) sin mr, (18)

m5n, Mo:SNo, xeDo.

Iko" 0(19)

=0, 0. (20)

For the j~" layer the scattered waves are assumed to be of the form

~~ (2)L h)(k. 1r) P',(cos 6) cos mqo

+ an"& hn()(k 0ir) P,"n(co.9 6) csn m4o

+ fn'pj hn')(k~ir) P't(cos 6) sin mO (21)

m<_n, M,<5N,, XEDi, im1,....,N(N-I, forthe haif -Sam~).

tk*= c11l hn(2)(k,,p') Pnn(cos 6) cos m4

+1 h(2a$)(k~,jr) P,~"(cos 6) sin mO6

+ A~J h~l)(k 1 3ir) P,'(cos 0) cosm

+ f! h{1)(koir) P,"(cos 6) sin mvk (22)

m<a, Mi,<Ni, XEDI. j-1.....N(N- 1,for the haLf-spece).

X.
xi = ~h(')(k,,ir) P,, (coa 0) coo mo4
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+l h (a2) (k43ir) P~"(ros e) sin m4'

+ enrnX h(')(k 0ir) PT(Cos 0) Cos MO~

+ni~ h$l)(kaj7) P.1̀ (cos 0) sin mtk (23)

.~.M,~sN, xED3, j'l..NNlfor thehalfBG)

If an elastic half-space is present, we have,

(Jed' h(1~)(k 0ajr) P.`(cos 0) Cos MOr

+ JvL hPl(k Tjr) PI,"(cos 0) sin mO (24)

mn~n. MN:SNN. XiEDN.

- ehk$l)(kotjr) Pm(cos 0) Cos MO6

+ fZ~ $~~(kr) Pcos 0) sin mOk(5

mvnn MNSNv, xiEDN.

xý ~= enJ )z$')(k Njr) Pnn(co-s 0) cos MO~

+ fnmX h$()(k t~r) P:"'(cos 0) sin m# (26)

m<n, Mv5Nv, x4EDN.

Within the inclusion we have,

=g,%& jt (k,, p'r) Pn"(cos 0) cos mO,

+ hnm jn(kap~r) P,."(cos 0) sin mOi (27)

mrn:5 MptS~NV#, XEDpt.

=gnA j,(k~p'r) P,,(cos 0) c os

+ hnm ja(kopr) P,'(cos 8) sin m4O (28)
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m<n, M,,<_N,,, XED,,.

Xe 0
4ý = gn- jn(k~,p~r) Pn~(Cos 9) CO'SM

+ A jn(k pr) P,"(cos 9) sin m4 (29)

i,<_.,, Mpt<_Np,, xEDpt

where h$l) and h (2) are the spherical Hankel functions of the first and sec-
ond kind, respectively, jn is the spherical Bessel function of the first kind,
P,"(cos 0) is the associate Legendre polynomial, anm through hnm are un-
known coefficients, and N and M are the orders of expansions. The wave
functions in Eqns. (18-29) are solutions of the equations of motion ( Eqns.
(1-3)). In addition, the scattered wave field in the fluid and the elastic half-
spaces consists of the outgoing waves only while the scattered field in the
plate consists of both incoming and outgoing waves. Inside the inclusion, the
wave field consists of standing waves. As indicated earlier, in Eqns. (18-29),
summation over repeated indices 'm' and 'n' is understood.

Evaluation of ezpanuion coefficients

The unknown coefficients of the scattered wave field are determined by im-
posing the boundary and the continuity conditions given by Eqns. (6-14).
These conditions are imposed at the Li points along the boundaries C., and
C, ,j = 0, 1... N(N - 1, for the half-space) resulting in a system of linear
equations of the form

Ga = f. (30)

Here a contains all the unknown expansion coefficients, vector f involves the
free-field displacements and tractions, and G consists of the wave functions
and their derivities evaluated along the boundaries. The size of the matrix
G is (SxK), where S>K. Hence Eqn. (30) is solved in the least square-3ense.
Once the expansion coefficients are known, the displacement and the stress
fields can be evaluated throughout the media.
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Numerical results

0 This section describes the steady state and transient response for a single
layered plate with an ellipsoidal inclusion. The steady state response is pre-
sented for both axisymmetric and non-axisymmetric case. The transient
response is shown for the axisymmetric case.

These models incorporate most of the physical characteristics of the prob-
0 lem while keeping the computation to a minimum. The geometry of the

model is shown for a single plate in Fig. 3a. The plate thickness and the
inclusion depth are denoted by 'h' and 'd', respectively. The principal axes
of the ellipsoidal inclusion are denoted by 'a', 'b' and 'c'. The radii on the
top and bottom plate boundaries, along which the continuity and boundary

S conditions are imposed, are taken to be to be 'HA)' and 'Ri', respectively (see
Fig. 3a). The orders of expansion of the spherical Hankel functions for the
fluid, plate, and the inclusion are denoted by No, NI and NI,, respectively.
The azimuthal orders of expansion for the fluid, plate, and the inclusion are
denoted by M0 , ,M1 and M•1 , respectively. Number of collocation points along

10 the solid-fluid interface and the free surface of the plate are taken to be L0
and L 1, respectively. For the inclusion boundary the number of collocation
points is denoted by LI,. The density, shear modulus and shear wave veloc-
ity of the plate are taken to be unity. All spatial variables are normalized
with respect to the major principal axis of the ellipsoidal inclusion which
is assumed to be unity. For convenience, dimensionless frequency Al is de-
fined as the ratio of the maximum width of the inclusion to the wavelength
of the shear wave in the layer enclosing the inclusion. The displacement
field at the surface is referred to in the cylindrical (r, 0, z) coordinate system
with the origin at (X=Y=Z=O) (see Fig. 3b.). The radial, azimuthal and
vertical displacement amplitudes are denoted by JUrl, IUOI and lUzJ, respec-
tively. The total free-field displacement used for normalization is defined
as IUfftI = Vs(lUffz12 + IUffyI2 + IUffzI2), where IUffzI , jUffyl and

IUffzJ are the free-field displacement amplitudes in the x,y and z directions,
respectively. The scattered wave field radial and vertical displacement am-
plitudes are denoted by IUr(scatt)I and JUz(scatt)J, respectively.
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Steady state response

This section describes the steady state vertical response of the plate with S
an ellipsoidal inclusion. First, convergence tests are conducted to fix various
problem parameters. Finally, the steady state results for the single plate
model are discussed.

Convergence and testing of results 0

Tests are conducted in order to determine the orders of expansion 'M' and
'N' (see Eqns. (18-29)) required for convergence of results in each domain. In
addition, maximum radii of the plate boundary along which the continuity
and boundary conditions are imposed are also determined. The convergence 0
of results has been established by observing the change in scattered wave
displacement amplitudes at the solid-fluid interface with change in the value
of the parameter under consideration. The numerical results are accepted as
the final ones if the difference between two successive calculations is judged
to be sufficiently small for an increase in the parameter under consideration. 0

In addition to the convergence studies, the formulation was verified for
the zero scattering condition where the material of the inclusion is the same
as that of the plate. The model was also tested for axisymmetric response.
Here the azimuthal orders of expansion M > 0 are also included even though
M=O is sufficient for axisymmetric problems. The response was found to be 0
perfectly axisymmetric.

The details of convergence and testing can be found in [15]. Only the
final parameters chosen for convergent results have been indicated in the re-
spective figures.

Azipmrmetric response

Axisymmetric response of a plate with an inclusion is studied for different
impedance contrasts. As in the two dimensional problem, two cases are con-
sidered: Inclusion being stiffer than the plate and the plate being stiffer than 0
the inclusion. Figure 4 summerizes the steady state response of a stiff ellip-
soidal inclusion to a vertical incidence for different sizes of the inclusion. The
geometry is always axisymmetric about the vertical axis. The vertical and
radial displacement amplitudes of the plate are normalized with respect to
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the total free-field displacement. From the vertical component of displace-
ment in Fig. 4, the scattered field is found to interfere destructively with the
free-field near the inclusion. This is indicated by the dip in the total field
above the inclusion. As to be expected, the vertical scattered field has the
greatest influence when a=b=c=l and least when a=b=l,c=0.5. Figure 4
also shows the influence of the scatterer on the radial component of motion.
The study concerning the effect of the inclusion depth on the surface dis-
placements is shown in the Fig. 5. As expected, the effect of the scattered
field on the vertical displacement is found to diminish with increase in depth.

Figure 6 refers to the case of a soft inclusion in a stiff medium. The
vertical displacement shows a dip near the scatterer indicating a destructive
interference. The effect of the scatterer on the vertical displacement is found
to be a little less pronounced than in the case of stiffer inclusion. The radial
displacement on the other hand is significantly higher than for the stiffer
inclusion (Compare Figs. 6 and 4).

Non-aziymmetric response

The non-axisymmetric response of a plate with a stiff inclusion is studied for
two cases: Off vertical incidence with an axisymmetric inclusion and vertical
incidence with a non-axisymmetric inclusion.

Figure 7 depicts the response of a stiff spherical inclusion in a softer plate
to an off vertical angle of incidence. The response is shown along the mu-
tually perpendicular x and y-axes, respectively. The radial components of
displacement along these axes are indicated by subscripts 'x' and 'y', respec-
tively. Fig. 7a shows the response along the x-axis. From the figure, along
the x-axis, the radial scattered wave field is found to interact destructively
over the inclusion. The vertical scattered wave displacement, on the other
hand, indicates constructive interference. This is in contrast to the response
to a vertical incidence (compare Figs. 4 and 7a). Due to the off-vertical
incidence, a strong free-field is present in the radial component of the dis-
placement. The displacement field is nearly identical on either side of the
mid point for small off vertical angle of incidence. Similar trend was observed
for the 2D case (compare Figs. 6a of [11 and 7a). Fig. 7b shows the response
along the y-axis. The problem is symmetric about the x-axis as qlo=O. Hence
the radial and vertical displacement amplitudes are found to be symmetric
about the mid point. In addition, the radial displacement, which is entirely
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due to scattering, is found to be zero at the mid point. Along the y-axis,
the vertical scattered wave field is found to interfere constructively with the
free-field over the inclusion. These studies indicate that the off-vertical inci- 0
dence and the azimothal orientation of the observation point, relative to the
incident wave, greatly influence the motion at the solid-fluid interface.

Figure 8 shows the steady state response of a stiff ellipsoidal inclusion for
a vertical incidence. In the Fig. 8, the variations of the radial, azimuthal
and vertical displacements are plotted against the surface coordinates over 0
the first quadrant of the solid-fluid interface. Due to the bi-axial symmetry
of the problem about x and y-axes, the displacement amplitudes are similar
over the other quadrants. The radial lines on the mesh surface of the Fig. 8
correspond to 0 increments of 100. Hence the figure displays variation of the
displacements with change in the azimuthal angle of observation 4. From S
the Fig. 8c, the vertical displacement is found to vary little with 4. This
indicates that the vertical displacement does not show the non-axisymmetric
nature of the problem very clearly. On the other hand, radial and azimuthal
displacements (see Figs. 8a and 8b) are found to vary significantly with 4.
Due to the bi-axial symmetry of the problem, the azimuthal component is 0
observed to be zero along the x and y-axes. The azimuthal displacement is
found to increase towards 0 = 45° from both the axis. The radial displace-
ment, on the other hand, decreases from either of the two axes.

Based on the presented results, the axisymmetric steady state response is
found to be sensitive upon the shape and embedment depth of the scatterer, 0
location of the observation points, the impedance contrast between the plate
and the inclusion, and the angle of incidence. In addition, the response of a
non-axisymmetric inclusion for a vertical incidence showed significant varia-
tion in the non-predominant components of displacement with the change in
the azimothal angle. 0

Transient response

This section deals with the 3D transient response of plate with a stiff in-
clusion. The transient response is obtained from the steady state one by 0
the Fourier synthesis. Here, the response is studied for a vertically inci-
dent Ricker wavelet. Only axisymmetric problems have been considered to
keep the computations at a minimum. For convenience, the displacement
components Ux, Uy, and Uz are denoted by U, V, and W, respectively. Dis-
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placements U and W are plotted in order to facilitate comparison with the
corresponding 2D-problems.

Figure 9 displays horizontal and vertical displacement components of the
fluid at the plate-fluid interface for a vertically incident longer wavelength
Ricker wavelet. Total of 20 equally spaced observation stations are chosen
on either side of (X=Y=Z=0) along the X-axis. Therefore, the bottom trace
depicts the motion at (X=-10,Y=0,Z=0), while the top trace corresponds to
the station at (X=10,Y=0,Z=0). The trace corresponding to (X=Y=Z=0)
is not shown. The impedance contrast corresponds to that of a very stiff
inclusion in a soft plate. Due to the longer wavelength of the incident wave
and dominant free-field, the scattered wave influence on the vertical displace-
ment is found to be very small. The effect of the scattered field, however, is
visible from the altered free-field near the inclusion. The horizontal displace-
ment, which is entirely due to scatterer, is found to assume uniform shape.
A wave traveling with the P-wave velocity of the fluid is observed moving
away from the origin. This is indicated by the slope of the straight line 'AB',
which corresponds to the P-wave velocity a/ in the fluid. The amplitude of
the horizontal disturbance is found to be almost constant over the observed
range.

Figure 10 shows the transient response for the case when the incident
wave has shorter wavelength. The vertical displacement is mainly composed
of the incident wave and the waves reflected at the bottom and top surfaces
of the plate. This is clearly visible due to the shorter wavelength of the
incident wave. In the Fig. 10, presence of the scatterer is visible from the
changed free-field vertical displacement field near the inclusion. In addition,
scattered waves are observed traveling away from the inclusion.

Figure 11 shows the vertical displacement for the same inclusion in a
stiffer plate than that of Fig. 10. The vertical displacement field, which is
dominated by the free-field, displays waviness which decays with time. As
indicated for the plane strain problem, this phenomena is observed only when
the density of the plate is much higher than that of the fluid, so that incident
energy is trapped in the plate for a longer period (compare Figs. 10 and 11).
As the contrast between the inclusion and plate becomes smaller, the effect
of the scatterer is found to be very small on the predominant component of
motion.

Figure 12 displays the vertical response of the plate described above when
the inclusion is much stiffer than the plate. The effect of the inclusion is
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strongly felt in the vicinity of the inclusion. This is evident through the lack
of waviness in the response above the inclusion. The effect of the scatterer
is found to be very local as opposed to the case described in Fig. 10. 6

Comparison with 2D

The following observations can be made from the study of 3D and 2D prob-
lems with analogous geometry and property contrasts.

Comparison of the 2D and 3D responses for different aspect ratios (com-
pare Fig. 3 of (11 and Fig. 4), indicates that the vertical displacement shows
similar qualitative trends for both the 2D and 3D problems. That is, the ef-
fect of the scatterer on the vertical response is found to be most pronounced
when the inclusion is spherical (circular for 2D) and least when the minor
axis of the inclusion is in the vertical(z) direction for ellipsoidal(3D) and
elliptical(2D) inclusions. The effect of the scattered field on the vertical dis-
placement is found to be higher for the 3D problem in comparison with the
2D problem. The horizontal displacement on the other hand is found to be
higher for the 2D problem.

Comparison of the vertical displacements in Fig. 6b of [1] and Fig. 6 for
a softer inclusion shows that the scattered field interferes destructively for
the 3D case in contrast to constructive interference observed for the 2D-case.
This change is significant. The horizontal displacement for this case is found
to be of the same order for both the 2D and 3D models. 0

Comparison of the transient response for 2D and 3D models for a stiff
inclusion indicates that the qualitative features of the response are preserved
for both the models. The vertical displacement is found to be dominated by
the free-field with the effect of the scatterer strongly visible near the inclusion.
Horizontal scattered wave displacement is observed to be traveling at the 0
fluid-solid interface with the P-wave velocity of the fluid. The amplitude
of the horizontal scattered wave was found to be almost constant over the
observed range.

From the above comparison, it is observed that for the stiff inclusion, the
2D problem is found to give qualitatively similar results to that of the 3D 0
problem. For the soft inclusion, on the other hand, the vertical response is
found to differ qualitatively for the two models.

14



Conclusions

In the present study, fluid-solid interface response of the plate with inclusion
submerged in fluid is investigated for a 3D model. As in the 2D model, it
is found that the steady state fluid-solid interface response is very sensitive
upon the geometry and embedment depth of the inclusion and the off vertical
and azimuthal angles of incidence. In addition, the impedance contrast be-
tween the plate and the inclusion greatly influences the response. Moreover,
the response of a non-axisymmetric inclusion for a vertical incidence showed
significant variation in the non predominant displacement components with
change in the azimuthal angle. The vertical displacement field showed only
small variation with the azimuth.

Transient response shows similar features observed for the 2D model.
From the transient response of a plate with a very stiff inclusion and for
vertical incidence, it is found that the presence of the inclusion is indicated
very clearly by both the predominant and the non-predominant components
of displacement. In the predominant component this is evident from the al-
tered free-field near the inclusion and the scattered waves traveling away from
the inclusion. In the non-predominant component of the displacement, the
scattered field is observed as the waves traveling at the plate-fluid interface
with the P-wave velocity of the fluid. These waves are found to be almost
constant with increased distance from the scatterer. When the density of
the fluid is significantly lower than that of the plate, the effect of multiple
reflection at the plate surfaces is observed in the transient response. For
this case, the effect of the scattering from the inclusion is strongly felt only
when the inclusion is significantly stiffer than the plate. Due to the signif-
icant presence of the free-field waves trapped in the plate, the effect of the
scattered wave field is felt only locally and is not visible at farther distances
from the inclusion.

Comparison of the 2D and 3D responses indicates that for the stiff inclu-
sion, the 2D problem is found to give qualitatively similar results as that of
the 3D problem. But for the soft inclusion the vertical steady state response
is found to significantly differ for the two models. The 2D model showed con-
structive interference of the scattered wave field over the inclusion as opposed
to the destructive interference observed for the 3D model. This illustrates
the importance of the 3D modeling of the scattered wave problem.
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